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Preface

Causal inference is one of the core areas of research in modern data science that allows researchers to
determine whether a specific intervention or treatment has an effect on an outcome. In its most basic
form, causal inference is concerned with understanding the “cause and effect” relationship between
variables. This requires going beyond correlation to understand whether changing one variable leads
to a change in another. The gold standard for inferring causality is the randomized controlled trial,
which randomly assigns subjects to a treatment or control group and compares outcomes. While
randomized controlled trials provide us with data to do causal inference, the subsequent statistical
analysis often relies on a key assumption known as the Stable Unit Treatment Value Assumption
(SUTVA). This assumption states that the treatment of one unit (or individual) does not affect the
outcome of another unit. However, in many real-world situations, this assumption does not hold,
leading to what is called interference or a violation of SUTVA. Interference can occur in various
contexts such as social networks, where the treatment of one person can influence the outcomes of
others, or in marketplace, where treatment of one entity can impact other entities of same type.
Understanding and handling interference is a critical and complex aspect of causal inference, and it
necessitates more advanced methods to correctly estimate causal effects.

This dissertation offers new methodologies and theoretical results to address key issues in causal
inference with interference. In Chapter[2] we develop inferential results for causal effect estimators in
panel experiments under interference. We turn our attention to the complications brought about by
network interference in Chapter [3] where we introduce novel estimation methods for causal effects.
Given the difficulties interference presents to inference, the ability to detect interference becomes
pivotal in determining the most suitable statistical analysis approach. To this end, Chapter [ tackles

the problem of detecting interference in online controlled experiments with increasing allocation.
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Chapter 1

Introduction

Causal inference is of great interest in the realm of data science as it aids researchers and practitioners
in making informed decisions, designing effective policies, and unveiling the complex dynamics of
various systems. In this thesis, we discuss estimation and testing methods for causal inference with
interference. In this introductory chapter, we introduce the problems we will be solving in the
following chapters and outline our contributions.

When researchers estimate causal effects from randomized experiments, they almost always make
assumptions that restrict the number of counterfactual outcomes to simplify the subsequent infer-
ence. In standard experiments, where units are randomly assigned to either a treatment or control,
researchers commonly assume that one unit’s assignment does not affect another unit’s response;
this is usually referred to as no interference |[Coxl (1958, Chapter 2]. In panel experiments, where
units are exposed to different interventions over time [Bojinov et all 2021b], in addition to no
interference, researchers regularly assume that the observed outcomes were not impacted by past
assignments; this is often called the no carryover assumption |Cox] (1958, Chapter 13]. Although
these two assumptions are useful, there are numerous empirical examples where they are violated.
This mismatch between practical applications and theoretical assumptions has catalyzed a grow-
ing amount of literature dedicated to studying relaxations of these stringent conditions for either
standard or panel experiments, but not both.

In standard experiments without evoking the no interference assumption, each unit’s outcome
depends on the assignments received by all other experimental units. Allowing for such arbitrary
population interferencdﬂ makes causal inference challenging [Basse and Airoldi, [2018|. In practice,
researchers look for an underlying structure that limits the scope of interference. For example, when
studying electoral participation during a special election in 2009 in Chicago, Sinclair et al.| [2012]
assumed that interference occurred within-household but not across; more broadly, this type of

interference has been found in many other applications, including education (Hong and Raudenbush

1We use the term population interference to emphasize that the interference occurred across units.
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[2006]; Rosenbaum|[2007]), economics (Sobel [2006a]; Manski| [2013]) and public health (Halloran and

[Struchiner]| [1995]). Inference in this setting is challenging because interference increases the number

of potential outcomes and makes observations dependent. |[Aronow and Samii [2017] introduce a

general framework for studying causal inference with interference: they introduce the concept of
exposure mapping, define useful estimands, and construct asymptotically valid confidence intervals
based on the Horvitz-Thompson estimator.

The literature on panel experiments has similarly shifted towards relaxing the no carryover effects

assumption that precludes outcomes from being impacted by past assignments. For example, in the

most extreme case, |[Bojinov and Shephard| [2019] allows for arbitrary carryover effects when studying

whether algorithms or humans are better at executing large financial orders; more generally, these

types of relaxations have also been studied in economics |Angrist and Kuersteiner} 2011, [Rambachan]

land Shephard, |2019], epidemiology [Robins, 1986, [Robins et al.,[1999], public health [Boruvka et al.
2018, and political science [Blackwell and Glynnl 2018]. Similarly to relaxing the no interference

assumption, removing the no carryover assumption enables researchers to develop and explore a

richer class of causal estimands that capture both the contemporaneous and delayed causal effects

[Bojinov and Shephard| [2019]. The latter is particularly important for technology companies seeking
to understand the long-term impact of their interventions [Basse et al.,[2019, [Hohnhold et al.| 2015].

Similarly to the population interference setting, researchers use the analogous Horvitz-Thompson
type estimator estimators to analyze experiments with carryover effects.

An apparent gap in the literature is an understanding of whether the possibility of running a
panel experiment alleviates the challenges posed by population interference or makes them worse.
This is particularly important for researchers wishing to run field experiments for two reasons.
First, it is often the case the researchers are constrained on the maximal number of experimental
units they can recruit, for instance, because of costs or limits in the total population. Second,
population interference often leads to increased uncertainty that reduces only by increasing the
sample size. Panel experiments can alleviate these as it is often cheaper to change an experimental
unit’s treatment than to recruit more subjects, and uncertainty tends to decrease as the sample
size and the number of time period increase. However, what happens when there is population
interference and carryover effects is unclear.

We address this gap in Chapter [2] where we introduce a unifying framework for studying panel ex-
periments with population interference. We begin by focusing on panel experiments with population
interference but no carryover effects (Section. Here, we provide asymptotically valid confidence
intervals for estimands defined at specific time periods and estimands that average contrasts over
multiple time periods. We also introduce a novel class of assumptions enabling us to leverage past
data to improve inference at a given time. Together, our results show that using panel experiments
when there is population interference allows us to achieve valid inference under much weaker con-

ditions on the population interference and even drop all restrictions for large time horizons. These
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results should be particularly encouraging for researchers wishing to run field experiments when
the number of experimental subjects is constrained, as is often the case in Economics (for example,
Andreoni and Samuelson| [2006]) and Management Science (for example, Bojinov et al.| [2021a]).

We then tackle the most general setting featuring both population and temporal interference
(Section . Under additional assumptions, we derive a general central limit theorem, which fails
to provide the same clear benefit because of the data complexity caused by carryover effects. We
also state asymptotic results for a restricted type of mixed interference that generalizes the usual
stratified interference to panel experiments and provides a blueprint for deriving additional results in
specific contexts. Here we show a clear benefit that incorporating a temporal dimension allows us to
relax the main restriction on the maximal cluster size to obtain valid inference. For researchers, these
results are slightly less encouraging but, nevertheless, provide an essential next step in understanding
how to leverage panel experiments in real-world settings.

Finally, Section [2.1]details our setup by introducing the potential outcomes framework, our causal
estimands and corresponding estimators, and the randomization-based framework that we leverage
for all our results. We conclude the chapter with simulations (Section , empirical applications
(Section[2.5)), and a discussion (Section[2.6). The Appendix contains a detailed discussion of inference
under population interference for standard experiments, all proofs, and additional simulations.

We then shift our focus to causal effect estimation under network interference. In practice,
interference typically arises from interactions among experimental units [Hong and Raudenbush,
2006, |Cai et al.l [2015]. It presents a significant challenge in product experiments by tech companies,
especially those involving social or market interactions. Various methods have been developed to
manage interference by leveraging the structure of user interactions [Eckles et al.| [2017], [Pouget-
Abadie et al.|[2019a], Karrer et al.|[2021]. In the no-interference literature, regression adjustment
has proven to be effective in estimating the average treatment effect, both in theory |Lin| [2013] and
practice Deng et al|[2013]. Chin |Chin| [2019] considers regression adjustment under interference
when assuming a linear model for the outcomes with covariates derived from the social network and
the assignment vector, and estimate the parameters of the model from the experimental data. This
linear model assumption is not uncommon in the interference literature and has been utilized in
experiment design [Harshaw et al|[2022] and interference detection Pouget-Abadie et al.| [2019a].

In Chapter [3] we propose a method to estimate the global average treatment effect using regres-
sion adjustment, without assuming the true set of features as per Chin’s approach. We generate
adjustment features in a model-free manner, based on observed experimental data. We first presents
the problem setup and motivates our method through an examination of the classic linear-in-means
model in econometrics. Subsequently, we outline our procedure to generate model-free covariates
from observed experimental data. We then detail how to estimate and infer the global average
treatment effect using these model-free covariates. Our work culminates in simulations, empirical

applications, and a discussion of our findings.
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The technology industry has adopted online randomized controlled experiments, also known

as A/B testing, to guide product development and make business decisions [Kohavi et al. [2013]
2020]. In the past decade, firms have developed a dynamic phase release framework in which a

new treatment (such as a new product feature) is gradually released to an increasing number of

units in the target population through a sequence of randomized experiments [Kohavi et al.| 2020].

Companies including Google, Microsoft, LinkedIn, and Meta all developed in-house platforms that
implement this framework at-scale |[Tang et al., 2010, [Kohavi et al., [2013| [Bakshy et al., [2014}
2015|. Contrary to the sophisticated engineering design of such platforms, the strategy to

analyze A/B testing is relatively simple—often, only the most powerful experiment in the sequence

is used to provide a summary of the treatment effect, using tools from classical causal inference

assuming independence among test units [Imbens and Rubin |2015].

In scenarios such as experimenting in a social network setting or in a bipartite online marketplace,
interference among units may exist. Thus a natural question is whether such interference harms the
validity of simple inference procedures. Specific designs have been proposed to test or correct for
the interference effects in different applications [Saveski et al., 2017, |[Eckles et al., |2017, [Ugander|
et al. [2013| [Pouget-Abadie et al. [2019b, Johari et al.l [2022]. However, these designs are limited to

specific applications and often require significant engineering work to implement in parallel to the

existing A/B testing infrastructure in most companies. Even when such designs are implemented,
their complex nature often results in lower throughput and can slow down the decision process.

In Chapter [d] we introduce a widely applicable procedure to test for interference in generic online
experiments. The proposed method utilizes data from multiple experiments in the sequence. It can
be implemented on top of an existing A /B testing platform with a separate flow and does not require
a priori the knowledge of the underlying interference mechanism. Once implemented, this test can
be run as a standard screening for any A /B test running on the platform. If the test suggests that
no interference exists, the experimenter can proceed with classical causal inference analysis with
confidence; if the test suggests that some form of interference does exist, the experimenter may need
to redesign experiments in a more delicate way. At the platform level, such screening could provide
valuable and timely feedback on the choice of designs and help experimenters update development

roadmaps accordingly.



Chapter 2

Population Interference in Panel

Experiments

2.1 Setup

2.1.1 Assignments

Consider a randomized experiment occurring over 1" periods, on a finite population of n experimental

units. At each time step ¢ € {1,---,T}, unit i € {1,--- ,n} can be assigned to treatment (W;,; = 1)
or control (W;; = 0); extensions to non-binary treatments are straightforward. We denote by
Wit = Wi1, Wi, -+ ,W;,) the assignment path up to time ¢ for unit ¢, Wh.,,,, the assignment

vector for all n units at time step ¢ and Wi., 1.0 € {0,1}"*" the assignment matrix. Hence, for
each i and ¢, W 1.4 is a vector of length ¢, Wi, is a vector of length n and Wiy 1. is a matrix of
dimension n X t.

We define an assignment mechanism (or design) to be the probability distribution of the assign-
ment matrix P(W1., 1.7). Following much of the literature on analyzing complex experiments, we
adopt the randomization-based approach to inference, in which the assignment mechanism is the
only source of randomness (see Kempthorne| [1955] and [Abadie et al.|[2020] for extended discussions).
Throughout, we use lower cases w with the appropriate subscript for realizations of the assignment

matrix W.

2.1.2 Potential outcomes and exposure mappings

The goal of causal inference is to study how an intervention impacts an outcome of interest. Following
the potential outcomes formulation, for panel experiments without any assumptions, each unit ¢ at

time t has 2"T potential outcomes corresponding to the total number of distinct realizations of the
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assignment matrix, denoted by Y; ;(w1.n,1.7). For simplicity, we assume that the potential outcomes
are one dimensional, although it is straightforward to relaxing this assumption.

In randomized experiments, where we control the assignment mechanism, the outcomes at time
t are not impacted by future assignments that have yet to be revealed to the units [Bojinov and
Shephard, 2019]. This assumption drastically reduces the total number of potential outcomesﬂ and
will be implicitly made throughout this chapter. Potential outcomes depend on assignments in

various ways. We now introduce two concepts that we will constantly refer to hereafter.

Definition 1 (No carryover effect and population interference). We say that there is no carryover

effect if and only if
Yit(wiin,1:) = Yé,t(wllzn,lzt) whenever wy.p ; = wllznyt'
And we say that there is no population interference if and only if
Yii(wim 1) = Yi7t(w/1:n71:t) whenever w; 1.4 = w;l:t.

Unfortunately, inference is still impossible without any assumptions on the population inter-
ference structure [Basse and Airoldi, [2018]. One way forward is to assume that the outcomes
of unit ¢ depend only on the treatments assigned to a subset of the population. This intuition
extends more generally to the assertion that the outcome of unit ¢ at time ¢ depends on a low-
dimensional representation of wi.,1:¢+. Formally, for each unique ¢,t pair we define the exposure
mapping f; : {0,1}"** — A, where A is the set of possible exposuresﬂ |[Aronow and Samii, 2017].

Defining exposure mappings in this flexible manner allows us to unify and transparently consider
restrictions on the population interference and the duration of the carryover effect. Throughout
this chapter, we restrict our focus to properly specified time-invariant exposure mappings, which are

formally defined below.

Assumption 2 (Properly specified time-invariant exposure mapping). The exposure mappings are
properly specified if, for all pairs ¢ € {1,--- ;n}and ¢t € {1,--- , T}, and any two assignment matrices

!
W1:n,1:t and wl;n,l;m

’
Y;J(wl:n,l:t) = Yi,t<w1:n,1:t) whenever

fi,t(wlzmlzt) = fi,t (w/lzn,lzt)’

For p € {1,---,T}, we say the exposure mappings are p-time-invariant if for any tt € {p,---,T}

IThe assumption, known as non-anticipating potential outcomes |Bojinov and Shephard} [2019], can be violated if
experimental units are told what their future assignments will be and modify their present behavior as a result. For
instance, this could occur for shoppers who expect to receive a considerable discount on a subsequent day and may
curtail their spending until they receive the discount.

2To make exposure mappings useful, we assume the cardinality of A is (substantially) smaller than n X t.
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and any unit ¢,

fit(Win1:0) = f;p (w1, 1) Whenever

Wiin,t—p+1:t = Wip t' —py1:t’

The exposure mappings are time-invariant if the exposure mappings are p-time-invariant for some
p € {1,---,T}. We say the exposure mappings are properly specified time-invariant exposure

mappings if they are both properly specified and time-invariant.

Properly specified exposure mappings can be thought of as defining “effective treatments”, al-

lowing us to write
Yit(wim:t) = Yie(fit(wim1:)) = Yie(hie)

where h; ; = fi(w1n,1:¢) € A. Time-invariant exposure mappings constrain the relationship between
experimental units to be invariant over time. Specifically, it does not allow the exposure mappings
to change across time. For example, if at time ¢ = 1, the outcomes depend on the fraction of treated
neighbors in the graph then it cannot be the case that at time ¢ = 2 the outcomes now depend on
the number of treated neighbors in the graph. We will see why such an invariance assumption is
necessary in the next section when we define causal effects. Of course, the validity of Assumption
depends on the exact definition of the exposure mapping and should be informed by the empirical
context.

Throughout this chapter, we consider a special class of exposure mappings that restrict the
outcomes of unit 7 to depend only on the assignments of a predefined subset of units that we refer
to as i’s neighborhood and index by N;. For example, for units connected through a social network,
N; indexes the set of nodes connected to ¢ by an edge; for units organized households, N; indexes
the set of units that live in the same household as i; and for units located in space, N; indexes the

set of units who are at most a certain distance away from unit 4.

Definition 3 (Locally Effective Assignments (LEA)). We say the assignments and exposure mappings

are locally effective if the exposure mappings are p-time-invariant for some p € {1,--- ,T} and

fi,t (wlzn,l:t) = fi,t (w./\/i,t—p-l-l:t)a

with the convention that wa, —pt1:t = Was,1:¢ for t —p+1 <0.

Although LEA imposes further structure, it still provides a great deal of flexibility as it incorpo-
rates all notions of traditional population interference and temporal carryover effects as special cases.
For example, fixing p = 1 makes the exposure values depend only on current assignments, which is
equivalent to usual population interference. On the other hand, fixing V; = {i} is equivalent to the
no interference assumption imposed on panel experiments in [Bojinov et al.| [2021b]. Of course, these

special cases are interesting and extensively studied, but our general formulation’s real benefit is to
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consider scenarios where there is both population interference and carryover effects.

Ezample 1 (Example of Locally Effective Assignments). We consider an example where the exposure

values depend on past assignments. In particular, let

fit(wWin 1) = (Wip—1, Wi, Wit—1, Wi L)

where u; ;1 = ﬁ Zje/\/i wj—1 and w;; = IT:L?I ZjeM, w,¢; we use |A| to denote the cardinality of
the set A. Hence, one unit’s assignment and the fraction of treated neighbors at previous time step
matter as well. This is a special case of LEA with p = 2. In this example, the exposure mappings

are 2-time-invariant: for t,tl > 2, if Wi (1—1) = Wi, () — 1)t/ then f; ((wiin,1:4) = fiv (wlzn’l:t/).

We conclude this section by pointing out that though the LEA(p) assumption does not assume
any model of the outcomes, it does have one limitation. Namely, it rules out long-range dependency
of past assignments and also population interference beyond one’s neighborhood. The long-range de-
pendency in time is not uncommon in econometrics literature [Judson and Owenl {1999, [Wooldridge,

2010]. For example, if we consider the following parametric model [Wooldridge) 2010]:
Yiie = pYit—1+ BWit + €;¢, where p € (—1,1) and Efe; ¢[Yi1, -, Yie, Wi, -+, Wis] = 0.

Such a specification leads to infinite-long dependency of past assignments on the current outcomes.
Population interference beyond local interference has also been studied a lot in econometrics litera-
ture [Manskil,|1993| |Bramoullé et al., 2009, Leung}|2022|. In summary, LEA(p) brings in the flexibility
of doing inference without making modeling assumption but loses the flexibility of accounting for

long-range time and population dependency.

2.1.3 Causal effects

Causal effects, within the potential outcomes framework, are defined as contrasts of each unit’s
potential outcomes under alternate assignments [Imbens and Rubin| 2015|. As the number of possible
contrasts grows exponentially with the number of distinct potential outcomes, we focus on two
important special cases.

The first—which is well-defined regardless of the interference structure—compares the difference
in the potential outcomes across two extreme scenarios: assigning every unit to treatment, Wi, 1.+ =

11.n,1:¢, as opposed to control, Wi.p, 1.4 = O1:p,1:¢

Definition 4 (Total effect at time t). The total effect at time ¢ is

1 n 1 n
i E = - ZYi,t(ll:n,l:t) - ZYi,t(OLn,u)-
i=1 i=1

Our total effect at time ¢ corresponds to the Global Average Treatment Effect sometimes used
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in single time experiments [Ugander and Yinl 2020]. In the absence of interference and carryover
effects, the total effect at time ¢ reduces to the usual average treatment effect at time ¢.

The second—which requires Assumption 2}—provides a much richer class of causal effects with
important practical applications. The TEC estimand is the generalization of the usual exposure
contrast estimands |Aronow and Samii, 2017] to the panel experiment setting. Hereafter, the letter

k will always represent values in A.

Definition 5 (Temporal exposure contrast (TEC)). For any time step ¢ and exposure values k, K e AW

we define the temporal exposure contrast between k and k" to be

LI I :
= - Zth(k) - Zth(k )
i—1 i1

Notice that if there exist carryover effects then TEC may not be well-defined for the first few
time steps. In this case, we may assume that all units are in the control group prior to the first time
step in the panel experiment.

In panel experiments, researchers are often less interested in the idiosyncratic effects at each
point in time and instead focus on the temporal average causal effect that captures the intervention’s
average impact across both time and units [Bojinov and Shephard, 2019}, Bojinov et al., [2021b2022].
For example, |Bojinov and Shephard| [2019] are not interested in the relative difference between an
algorithm or a human executing a large financial order on an arbitrary day of the experiment but are
instead interested in the average difference across multiple trades on the same market. Technology
companies like DoorDash [DoorDash| |2018| use switchback design for panel experiments and consider

average effect across time to make product decision.

Definition 6 (Average total effect). The average total effect is

Similar to the total effect, in many applications, we are interested in the TEC’s temporal average.

Definition 7 (Average temporal exposure contrast (ATEC)). For any exposure values k, k' € A, we

define the average temporal exposure contrast between k and k' to be

T
’ 1 ’
_ k.k
ok — g T
t=1

el

Remark 1. Without assuming that the exposure mappings are time-invariant, the definition of the
ATEC becomes more cumbersome as an exposure £ € A may be in the image of f;; for some ¢, but
not in the image of f; . That is, Y; (k) might be well-defined while Y; (k) is not, which makes

taking temporal averages difficult.
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To conclude this section, we note by passing that there are certainly many other causal estimands
of interest. For example, a vast literature in econometrics and statistics studies estimation and
inference of spillover effects under either different designs or different model assumptions |[Leung;
2020, Bramoullé et al., [2020} [Vazquez-Bare), 2022].

2.1.4 Estimation and inference
The observed data

For any choice of exposure mappings {f;.}, the observed assignment path Wi,y 1., induces the
exposure H; ; = f; 1(Wr.n,1.4) for each ¢ and ¢; in particular, the assignment mechanism P(Wi.p, 1)
induces a distribution for the exposures P(H, ;) for each ¢ and ¢t. Under Assumption QEL the observed

outcomes Y; ; for unit ¢ at time ¢ can therefore be written:

Yie= > 1(Hyy=k)Yi(k), Viel--- nVtel, T,
keA

We will use the observed data to estimate the causal effects defined in 2.1.3l

Estimation

For the different interference structures studied in the following sections, we will rely on Horvitz—
Thompson estimators [Horvitz and Thompson, (1952|, or variations of it; e.g., to estimate 7, k ¥ , wWe

will use:

Z Bl Z B(H Y,t. (2.1)
Taking the temporal average of (2.1)) provides a natural estimator of 7%:*
T

1
zhk A’“’“. (2.2)

Similarly, if we let f; ;(11:0,1:4) = hl{t and f;+(01.p,1:0) = hY '+, then we can estimate total effect at

time t (c.f. Definition []) by the following estimator

ho
Z IP’ Yis Z P(H ;th (2.3)

zt—

3We additionally assume that each unit fully complies with the assignment, leaving the relaxation of this assumption
as future work.
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Again, we have a natural estimator of average total effect induced by the above estimator

T
- 1
t=1

The properties of these estimators are discussed in details in the rest of this manuscript.

Randomization-based inference

Throughout this chapter, we adopt the randomization-based framework— that is, we consider the
potential outcomes as fixed, with the assignment being the only source of randomness. This frame-
work has seen a recent uptake in causal inference 12013} ILi and Ding} [2017, |Li et al., 2019]
and has become the standard for analyzing experiments with population interference
[Samii, [2017) [Basse and Feller], 2018 |Chinl, 2018, [Savje et al.,|2021] and unbounded carryover effects
[Bojinov and Shephard, [2019, [Rambachan and Shephard}, 2019, Bojinov et all, [2021b} 2022].

There are two dominant inferential strategies within the randomization framework. The first

is to use Fisher (conditional) randomization tests for sharp null hypotheses of no exposure effects,
or for pairwise null hypotheses contrasting two exposures. While these tests deliver p-values that
are exact and non-asymptotic, they are challenging to run with complex exposure mappings
et al. [2018] Basse et al.| 2019, Puelz et all |2022].

The second, which we focus on in this chapter, is to construct confidence intervals based on

the asymptotic distribution of our estimators. Intuitively, the asymptotic distribution represents a
sequence of hypothetical randomized experiments in which either the number of units increases, the
number of time steps increases, or both |Li and Ding| 2017, Bojinov et al. 2021b]. Within each

step, we apply the analogous assignment mechanism, obtain the observed data, and compute our

proposed estimand to estimate the causal effect of interest [Aronow and Samiil [2017} |Chinl |2018§].

Under the randomization framework, it is easy to show that the Horvitz-Thompson estimators

’ ’ ’
A~ ~ a . k.k _ _ . . .
rhk - 2TE and 7TF are unbiased for 7,7 , 78F  7TE and 7TF, respectlvel obtaining

)

N
Ty
central limit theorems in this setting, however, is notoriously challenging. In the next two sections,

we develop such results for the above four estimators under different experiment assumptions.

2.2 Panel experiments with population interference and no

carryover effects

Depending on their structure and on the researcher’s goals, panel experiments with multiple treat-
ment periods may be a blessing or a curse. Suppose the temporal dimension does not interact

with the interference mechanism, which occurs when there is only purely population interference.

4For example, see |B0jinov and Shephard| |2019| and |Ar0n0w and Samii| ﬂ2017[] for explicit proof.




2.2. PANEL EXPERIMENTS WITH POPULATION INTERFERENCE AND NO CARRYOVER EFFECTS12

In that case, the inference is equivalent to the standard experimental setup (Appendix , or
it may benefit from the additional information if we are willing to consider a different estimand
(Section or additional assumptions (Section . In contrast, the presence of population
spillovers in addition to the carryover effects from the previous section — a setting we call “mixed
interference” — significantly compromises our ability to draw inference (see Section . In this
setting, however, if the researcher has control over the temporal dimension, it may be possible to
reduce the carryover effects by increasing the physical time between randomization points or adding
a “cool-off” period [Bojinov et al|[2022].

We work exclusively with temporally independent assignment mechanisms in this section, i.e.,
Wit and Wy, are independent for any ¢ and t'. We assume the same set of assumptions for
each time step ¢ as in Appendix 2.7.1]

2.2.1 Average temporal exposure contrast

In Section [2.7.1] we showed that under pure population interference, inference on the TEC at time
t could strictly be reduced to the cross-sectional setting, where the only relevant asymptotic regime
takes n — co. When considering the ATEC and its natural estimator ?’“’k/, however, the asymptotic
picture changes and we may now consider, broadly speaking, three regimes: (1) T fixed and n — oo;
(2) T — oo and n — 00; (3) T — oo and n fixed. An important insight that we will emphasize in
this section is that inference in these three regimes requires different constraints on the population
interference mechanism. Roughly speaking, the larger T is relative to n, the more interference we
can tolerate.

To make this more formal, denote by dg ) the maximal number of dependent exposure values

for any unit ¢ at time step t. Let d, = limsup,_, dgf ) with the convention that for fixed T,
dp = max{dgll), e ,dg)}. Hence, d,, in this section is different from d,, in the previous section in

the sense that it is a bound on all time steps. Our first result establishes a central limit theorem in

the fixed T regime.

Theorem 8. Suppose we have pure population interference, then for any T, under Assumption [
and Assumptions in Appendix and the condition that d,, = o(n*/*), we have

7’ !
VT (36K — hok

/1T 2
T Zt:l Jn,t

!
as n — oo, where o5 ; = Var(v/n#f*).

) 4 N(0,1),

This first theorem states a central limit theorem for the regime where T is fixed and n — oo,
making it relevant for applications where N is much larger than T. Notice that, like Theorem [I9]

it requires d,, = o(nl/ 4). Intuitively, this is because this asymptotic regime is closest to that of the
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previous section: any finite number of time periods T is negligible compared with infinitely many
observations n.

At the other extreme, we consider the regime where T — oo and n is fixed:

Theorem 9. Suppose we have pure population interference and Assumptions[d, are satisfied.
Let o}, = Var(\/ﬁﬂk’k ), we further assume that + Zthl o, is bounded away from 0 for any T.

We then have , ,
VAT (G gk

/1 T 2
T Zt:l Un,t

) 4 N(0, 1),

as T — 0.

This central limit theorem makes no assumption whatsoever on the interference mechanism,
beyond assuming that there are no carryover effects: in particular, we allow a unit’s outcome to
depend on any other unit’s assignment. This perhaps surprising fact sheds some light into the
nature of inference for the ATEC, and how it differs from the TEC. Intuitively, a central limit
theorem requires enough “nearly independent” observations: this means that even if at any time
step t, the observations are all correlated, we can still have infinitely many independent observations
if: (1) observations are uncorrelated across time and (2) we observe infinitely many time periods.

The next theorem formalizes this intuition, by making the trade-off between the growth rates of

T and d,, explicit:

Theorem 10. Suppose we have pure population interference and Assumption[3, Assumptions[I6{1§
are satisfied, then for T = T(n) such that either

NIs

or
min{d2,n}

LA RN ) 2.6

T (2.6)

holds, we have

ST (5kkE _ =k
nT(r = ) 4 N0, 1),
A/ % Et:l ‘7721,75

!
as n — oo, where o5 ; = Var(v/n#f* ).

Condition ([2.5) is actually a special case of condition ([2.6): if we do not impose any assumptions

. . 2 . . . . .
on the interference, min{dz,n} is just n, so we need \/:lTT — 0, which is equivalent to 7 — 0.

Condition [2.6] gives us more subtle control over the rate of growth required of T for any given

level of interference. For instance, while for finite 7 we would require d, = o(n'/4), if T grows

as T(n) = /n we only require d,, = o(n'/?). As with the previous theorem, the intuition behind
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this result is that as d,, becomes larger, the number of “nearly independent” observations at each
time point shrinks — this must be counterbalanced by an increase in the the number of temporal
observation, i.e, an increase in the rate of T' = T'(n).

Unfortunately, as is typical in finite population causal inference, Var(f'tk’k/) contains terms that
are products of potential outcomes that can never be simultaneously observed from a single exper-
iment, making it non-identifiable [Basse and Bojinov, 2020]. Instead, researchers derive an upper
bound to the variance and compute unbiased estimates for this bound, allowing them to conduct
conservative inference (i.e., derive confidence intervals with higher coverage than the nominal level).
Without making assumptions on the assignment mechanism, we can obtain a simple bound by re-
placing all non-observable products of potential outcomes with the sum of their squares |Aronow
and Samii| 2017, we denote the estimate of the bound by \//zﬁr(\/ﬁff’k/ ). The specific expression can

be found in the following proposition:
Proposition 1. (Estimator of variance) We let

W(ﬁ%k,k'):l{zl(mzk)u—m(k { : } +Z > {1(1{2i7ri:(:))y;2+ 2%j(’f)

n :
i=1 =1 j#i,m;; (k)=0

mij(k) — mi(k)mi(k) Vi Y;
Wij(k) ﬂ'z(k) ﬂ-j(k)

i=1 j#i,m;;(k)>0

SO (H = K)(1 - m(k) [7} RS [I(Hi—kl)Yi L1, =),

i=1 = lg;tz Tr” k )=0 27T7;(]€ ) 27l'j(k )

u / oo —m (KDY Ye Y,
> > 1(H:=k)1(H; =k J J J

P , ( JHH; ) mij (k") mi(k') m; (k')
=1 jtim (k' )>0

DS S RTINS P L B
i=1 JFLT (k,k")>0 g\ vy i j

2y Y {um:kmgl(ffj:km?

; 2m (k 2m; (k'
=1 joti,mij (kok)=0 ) i)

then E | Var(y/ni* )| > Var(ymiht)

We omit the proof here as it can be found in |Aronow and Samii| [2017]. We drop the subscript
t to ease notations. With the above proposition and central limit theorems, inference proceeds as

follows:

Proposition 2. Suppose Theorem[§ or[10 holds, then for any é > 0,

k&' N s (7R -5
P € 717— TQZVM ,7' + Vi TQZVaT >1—«

Rl
il
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for large n. Moreover, suppose Theorem[9 holds, then for any § > 0,

T T
1! a1’ 21—« 1 — ki 11! 21— 1 — L&
P |7k e [FRF — 2 Tz E Var(#]7F ), #0F 4 E E Var(#F%) >1—«
t=1

VI—3 VI—o\ T? &

for large T'.

The proof of the above proposition builds on the proof of Proposition [J] in Appedix [2.7.1]

2.2.2 Shrinkage estimator under stability assumption

In Section and Section we considered inference on the TEC and ATEC under population
interference. In this section, we focus on the following question: can we leverage the temporal
information to improve inference on the TEC? Our results here are weaker than in the previous
section — indeed, we provide neither central limit theorem nor asymptotic confidence interval —
but we believe they are an exciting avenue for future work.

So far, we have considered only Horvitz-Thompson estimators which, while analytically tractable,
are known to have large variance when exposure probabilities are small. The key idea of this section
is that if the potential outcomes do not vary too much across time, then estimates of the TEC at
time ¢ < ¢ can be used to improve our estimate of the TEC at time ¢. This assumption can be

formalized as follows:

Assumption 11 (Weak stability of potential outcomes). We say the potential outcome matrix Y; 4,7 =
1,---,N, t =1,---,T is eweakly stable if for each i and exposure value k, we have |Y; ,(k) —
Yiip1(k)| <eVte{l,---,T —1}. If we further assume that ¢ = 0, we then say that the potential

outcome matrix is strongly stable.

Our results can be easily generalized to the case where the uniform bound € in the definition is
replaced by a time dependent bound ¢;. Throughout, we focus on the estimation of the total effect
at time ¢ as an example to illustrate how we can leverage temporal information under weak stability.

Under pure population interference and time-invariant exposure mappings,

n

1 1 —
= *Zﬁ,t(h})—ﬁzi/},t(h?), (2.7)
=1

n
i=1

where h! = f;(1;1.,) and hY = £;(041.).

To build some intuition we first investigate how to leverage just a single past time period,
t' =t — 1 to improve estimation at time ¢. The idea is that by considering a convex combination
7 = aff? + (1 — )75, for some a € [0,1] as an estimator of 7 ¥, we introduce some bias but
reduce the variance — the hope being that under weak stability, the bias introduced will be modest

compared to the reduction in variance. This is formalized in the following proposition.
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Proposition 3 (Bound on the bias of 77).
IE[#] — 7P| <2(1 - a)e (2.8)

As we can see, the absolute bias of 7f is bounded by a quantity that grows linearly with e: if € is
very small, then so will the maximum blas. In particular, 77 is unbiased for 7/ ¥ if ¢ = 0 — which
corresponds to the assumption that the potential outcomes do not vary across time. Under some
conditions, it can be guaranteed that the gain in bias is more than counterbalanced by a reduction

in variance — making it a worthwhile trade-off, in terms of the mean squared error (MSE).

Proposition 4. Suppose Var(#1'E) > Cov(#I'F 7)), then there exists some o € (0,1) such that
7 =arl P+ (1—a)r! has lower MSE than #'F. Moreover, if we have Var(#1 ¥)—Var(#LE) > 4¢2

then we know that 7f = $7'F + 2715 has lower MSE than 7{%.

By Cauchy-Schwartz inequality,

Cov(i]"%,#15) < \/Var(¢7 E) [Var (715
hence if Var(7/F) > Var(7%), then

Var(Tt ) > COU(Tt TE Tth;)

Therefore, as long as the current variance is larger, by choosing some «, the convex combination type

estimator would give us a better estimator in terms of MSE. Moreover, as the proposition suggests,

if we know the difference is bigger than 4e?, we know that a = % is sufficient.

Note that if we further assume that assignments are also independent across time, then

Cov(#'E #I'E) = 0, hence we have the Proposition

Proposition 5. Suppose that the assignments are independent across time, then there exists some
a € (0,1) such that 7 = a7l'? + (1 — a)7LE has lower MSE than 7T¥. The optimal o is given by

VCLT(TtTE)

42+ Var(# B)+Var(715) "

a=1-—

We show in the simulation section that the reduction in mean squared error is significant when
n is small.
Under the e—stability assumption, Algorithm [I] provides a data dependent approach to estimate

e and allows us to obtain estimate & of the weight parameter «,

Var({'")
Var( TEY Var( By 44t —t')2e2

jo
I
—
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Algorithm 1 Algorithm to estimate €

1: Initialize € = 0.
2: Fort=1toT —1:
e Fori=1,2,---,n compute h;; and h; 1.
o If h; s = h;y1, i.e., the exposure values at two adjacent time points are the same, compute
€t = |Yit — Vi1l
o Ife; s > € set é=¢;,.

3: Output €.

where \//a\r(%tT E) can be any estimator of the variance Var(71¥): we discuss a few options in Propo-
sition [11] of Appendix [2.7.2] In addition, under pure population interference and temporally inde-

pendent assignments,

Var(7{) = Var <anTE +(1- a)i-,TbI)

= o*Var(71'F) + (1 — a)?Var(#L5),
which suggests the following plug-in estimator of the variance:

Var(7¢) = a2Var(7F) 4 (1 — 4)*Var(7]5).
We also give the expression of Cov(7#/Z #I'5) and an estimator for it in Proposition [10| and Propo-
sition [I2) of Appendix [2.7-2] respectively. Equipped with the variance and the covariance estimators,
we can directly check the condition in Proposition[I2} The optimal « is given in the proof and can
be estimated in the similar way as in the independent assignment case.
Up to now, the type of the estimator we consider is a convex combination of 77¥ and #1%. We
now consider a general version of this estimator such that we combine 77Z and Ty TE for arbltrary

t < t. We now give the analogous results.

Proposition 6. Suppose Var(7I'¥) > Cov(#1'E, TEE) then there exists some o € (0,1) such that
7 =arlF 4+ (1 - )ty TE has lower MSE than 71'%. Moreover, if we have Var(7I'F) — Var( By >

A(t —t)2€2, then 7¢ = 17IE 4 17' has lower MSE than 7.

Proposition 7. Suppose that the assignments are independent across time, then there exists some

€ (0,1) such that 7¥ = a7l + (1 oz)f'gE has lower MSE than #1'E. The optimal o is given by
Var(‘rTE)
4(t—t )262+Var(ATE)+Var(7”'3;E) :

a=1-—

As mentioned in the introduction to this section, we do not have formal inferential results at the
moment — this is an open area for future work. However, based on the variance estimator above,

we do have two crude ways to construct confidence intervals. The first one ignores the bias of 7/
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and uses Gaussian confidence interval. The second one takes advantage of Chebyshev’s inequality.

Specifically, note that
Var(7f)

2 bl

P\ — (B[Ff] - 75) - B 2 ) <~

hence V6 > 0,
P(r/F € [#f — (E[Ff] — 7 F) —e,7f — (E[Ff] — 7 F) +€]) > 1-46

for e = \/%ﬂc). Let b(7f) = E[#f] — 7f% = (1 — a)(7LE — 7T'F) be the bias of our convex
combination estimator. If we estimate b(7¢) by b(7¢) = (1 — &) (78 — Tt ) then we can use the

following interval as an approximate (1 — §)-level confidence interval of 7,

Var . Var(7¢
Jﬂ/—g 0

We explore empirically the coverage of the above approximate confidence intervals with a simulation
study in Section

The approach we have described in this section naturally extends to using the k — 1 previous

time steps, yielding the weighted combination estimator:

~c ~TE ~TE
Ty =0Ty + - FogTy 7,

where aq, ..., can be estimated by solving a slightly more involved convex optimization problem.
We describe this approach in full details in Appendix

2.3 Panel experiments with population interference and car-

ryover effects

Section [2:2.1] shows that adding a temporal dimension does not hurt inference and may even help if
interference remains confined to the population dimension. Mixed interference, in contrast, affects
our ability to draw inference both for the TEC and ATEC, albeit in different ways. For temporal
exposure contrasts (TEC), the same theorem as in Section holds (recall that d,, is the maximal
degree of the dependency graph of Hy,--- , Hy):

Theorem 12. Under Assumption @ Assumptions and the condition that d, = 0(n1/4), we

have

N kK
\/E(Tt - l:/_t ) i> N(O, 1)
Var(y/n7" )1/2

The difference with the pure population setting is not mathematical but conceptual: in the



2.3. PANEL EXPERIMENTS WITH POPULATION INTERFERENCE AND CARRYOVER EFFECTS19

mixed setting, the exposures involve the assignments over previous time steps. Consequently, there
are generally many more exposures than in the pure population setting, and each unit has a lower
probability of receiving each. This leads to Horvitz-Thompson estimators with a much larger vari-
ance.

For the average temporal exposure contrast, the difference between population interference and
mixed interference is starker. The main difficulty is that mixed interference breaks the temporal
independence that powered the results of section We first establish a general theorem and
then give a specific setting under which we have a concrete result. Throughout, we assume that all
the potential outcomes are uniformly bounded and the overlap assumption is satisfied for every time
step ¢t and every unit 7. As in the cross-sectional setting, we impose a condition that controls the

rate at which the variance shrinks:

Assumption 13. Assume that
lim inf Var(v nTrkk )>e>0

n— oo
for some e.
This technical assumption (we are generally more worried about the variance not shrinking fast

enough) rules out the pathological case that the variance vanishes as n — co.

Theorem 14. Under Assumption @ and Assumption suppose {H; ¢} 1 is an s-dependent se-
quence of random variables for a fixed t and LEA(p) assumption is satisfied with some finite p. If

s,n,T are such that s5T* = o(n'=%) for some 0 < o < 1, then we have that

VAT (FRF — gk
Var(v/ nT%’“k')

)i>/\/(0,1)

as n — Q.

{H;+}7_; is an s-dependent sequence of random variables if and only if for any index set I, J C [n],
{H; .}, and {H,,}}_, are independent so long as minjc;j — max;cré > s. The above theorem
requires general assumptions on exposure values as well as the asymptotic variance though inde-
pendent assignments are not required. We now focus on a specific setting, to illustrate the type of
results that can be derived under mixed interference.

Consider the following natural temporal extension of the stratified interference setting (Hudgens
and Halloran| [2008]; Basse and Feller| [2018]):

fit(wiin1:4) = f(wie—1, wi e, {wje—1}jeni jzi {wjt}jeni, jzi)

where N is the group to which unit 7 belongs. For convenience, we fix each group to be of size r El

5this also ensures that each unit is associated with exactly the same set of exposure values so that the exposure
contrast between two arbitrary exposure values is well-defined.
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Theorem 15. With the above setting and temporally independent assignments, under Assumption
suppose n,r,T are such that r = 0((nT)%), then

o T 2k k =kE
(7 T )in\/(o,l)
Var(v/nrT7k")

as n — o00.

The theorem holds for heterogencous group sizes as long as max; r; = o((nT)7) where r; = |Nj]
is the size of the group unit ¢ belongs to. To do inference, we consider a specific example of stratified
interference:

fi,t('wlzn,l:t) = | Wi,t—1, Wi, Z Wy,t—1, Z Wy ¢
JENG,jF#i JENG,j#i
We focus on the Bernoulli design where each unit is independently assigned to treatment with
probability % We consider the exposures k = (1,1,7 — 1,7 — 1) and k' = (0,0,0,0). Such exposure
contrast is exactly the same as the total effect since essentially we are comparing the world of
everyone getting treatment to the world of everyone getting control. Notice that in this case, r
cannot be infinite, otherwise the overlap assumption would be violated. To ease notations, we index

each unit 7 by a tuple (I, ¢), meaning that unit ¢ is the ¢-th unit in the I-th grouﬂﬂ

Proposition 8. Assuming the above setup, we can estimate the asymptotic variance by

T T-1

—2 — —

B, = E Var(X,, 1) + 2 g Cov(Xp 1, Xnt+1)s
t=1 t=1

61f we use a tuple (I,q) to represent the g—th unit in the /—th household, then we note by passing that 0 < C7 <
Y(1,q),t(k) < C2 for all [, q,t, k for some C1, C2 is sufficient for Assumption



2.4. SIMULATIONS 21

where
_ 1 [& L VHigs =FYig:r s~ L(Hag = k)Y g
Var(Xn.t) = —— (227 —1) VLR (227 —1) SRRk
nrT ;q; (H(l qQ),t = k‘) ;qzl P(H(l,q),t =k )
n zn: d H(l a),t — k)Y(% q),t n I(H(hq)i =k )Y(%,q),t
=1 q=1 P(Hg)0 = F) P(H,q)0 =F)
+ Xn: g ((22’)“ _ 1) 1(H(l,q1),t k H ’qQ) ) = k)}/( 7q1) t)/(qu2)
=1 q1=1q2#q ]P)(H(l’m)’t =k, H(l’q2)’t) o k)
L@ o) L(H,g) =k Hag)) = k) Y(0,00),6Y(000)t
P(H,q)e = K Hugo)0) = k)
H(l,q)t* Lq1),t 1(H (1,450 = k/)Y%.z t
3y 3 s 5y 5 MW e
P(H1.q, P(H(1,q0).6 = k')
=1 1=1 g2#q =1 q1=1 g2#q 92
and

== I S v L(Hg) 0 =k Hago) i1 = K)Y(0,.00).0Y(1g0) 441
C X X — 2T -1 ,q1) 542 »q1 l,q2
OU( Tb,ta n,t+1) ’I”LTT ; ~ (( ) IP)(H(Z ql),t — k7 H(l)q2)7t+1 — k)

q
- 1)1(H(l7q1) t =k Hag i1 = k)Y Yig) 01
P(Hq)e =k Hag) 41 = k)

/

l(H(l"h)’t =k )}/(%7‘11)7t + l(H(l’QQ)’Hl - k)Y(%qz),t—H

]P(H(l»ql)’t =k') IP)(H(l,qz),wrl =k)
L(Hig).t = K)Y{ 400 n 1(Hga)41 = F )Y (g0 01 (2.10)
P(H(1,q,),c = k) P(H(1,4,),4+1 = k')

The expression of the variance is immediate from the setup, (2.34) and (2.35)). The estimator
is obtained by replacing the non-identifiable terms by an upper bound and estimating the upper

bound accordingly.

Remark 2. The difficulty for doing inference under more general setting comes from the fact that it is
hard to give explicit expression of the variance. Since there is dependence across time, the variance of
?k’k/ also involves covariance between Horvitz-Thompson estimators across different times. Hence,
in this case, we need at least more assumptions on the assignment mechanism in order to express

the variance term explicitly.

2.4 Simulations

In this section, we use simulations to supplement some of our theoretical results, and to provide

empirical guidance when theory is lacking. Section explores some of the finite sample properties
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of our central limit theorems in different realistic settings. Section explores empirically some
properties of the convex combination estimator proposed in Section[2:2.2} in particular, although we
do not prove central limit theorems for this estimator, we show that confidence intervals based on
normal approximations behave well in our simulation, and could therefore be reasonable candidates

for practical use.

2.4.1 Simulations for central limit theorems

We first explore the finite sample behavior of our central limit theorems. To make our simulations
relevant, we consider a version of the popular stratified interference setting (Duflo and Saez| [2003];
Basse and Feller| [2018]), in which individuals are nested in groups of varying sizes, and interference
may occur within but not across groups. Specifically, we consider the exposure mapping f;(w1.,) =
(w;, u;), where u; = 1 if unit ¢ has at least one treated neighbor and w; = 0 otherwise, so each unit
may receive one of four exposures: (0,0), (0,1), (1,0) and (1,1). Throughout, we consider a two-
stage design whereby each group is assigned independently with probability % to a high-exposure or
low-exposure arm, and then each unit is assigned to treatment independently with probability 0.9
in high-exposure groups, and 0.1 in low-exposure groups.

We focus on the central limit theorems for ATEC. Theorem [10] establishes asymptotic results for
ATEC under less constraining assumptions on the interference mechanism than for TEC (Theorem [19]
in Appendix [2.7.1)). To illustrate this point, we consider the stratified interference setting. We
assume that the size of each group is bounded by n'/3. In this case, d, = n'/? and hence T = Vvn
suffices for Theorem Compared to d, = o(n'/*) in the cross-sectional setting, we are able to
have larger group size. We consider the exposure mapping f;(wi.,) = (w;, u;) where u; = 0 if less
than 25% of the neighbors are treated; u; = 1 if between 25% and 50% of the neighbors are treated;
u; = 2 if between 50% and 75% of the neighbors are treated and u; = 3 if more than 75% of the
neighbors are treated. We generate the potential outcomes for unit ¢ at time step ¢t according to
N (Bw; +2u; + 5+ €, 1), where ¢ is uniform{—1,1}. Figure and show that n = 1000 suffices

for a good approximation. Moreover, the coverage of our 95% confidence interval is 95.4%.

2.4.2 Estimation under the stability assumption

In Section[2.2.2] we showed that with an appropriate choice of weights, the family of convex combina-
tion estimators outperforms the Horvitz-Thompson estimator. We illustrate this with a simulation
study. We also show that although not supported by theoretical results, naively constructed confi-

dence intervals perform well in our simulated setting.
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p-value of Shapiro-Wilk test: 0.831464957072434
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Figure 2.1: Histogram, n = 1000
Figure 2.2: Q-Q normal plot, n = 1000

Sample Size n=50 n=100 n=250 n=>500 n=750 n=1000
RMSE for 73F 64.68 28.98 5.80 1.84 0.95 0.70
RMSE for 755, k = 2 14.17 9.18 3.72 1.42 0.68 0.52
RMSE for 75,, k =5 4.39 4.58 3.01 1.17 0.58 0.45

Table 2.1: Root mean squared errors (RMSE) for 71F. 75, with k = 2 and 75, with k =5

Estimation under stability assumption for total effects

We consider a social network generated according to an Erdds-Rényi model, in which the units are
assigned to treatment or control following a Bernoulli(1/2) design at each time step. We assume a

local, pure population form of interference, summarized by the following exposure mappings:

1
Jilwine) = | wig, m Z Wit (2.11)
¢ JEN;

where N; is the neighborhood of the i-th unit; that is, we assume that only direct neighbors affect
one’s potential outcomes. For each unit ¢, we generate the potential outcomes at ¢ = 1 randomly
from N (10,1). Then, for each time ¢ > 1, we generate the potential outcome Y; (k) uniformly
from the interval (Y;:—1(k) —€,Y;—1(k) + €), so e-stability holds. Throughout our simulations, we
assume that 7' = 20 and we are interested in the total effect at time step ¢ = 20. We compare
the performance of the standard Horvitz-Thompson estimator and the performance of the convex
combination estimator for estimating the total effect 72F at time ¢ = T' = 20, varying both the
population size n and the number of time steps k used in the convex combination. We estimate €
using Algorithm [I] described in Section we use Proposition [ to estimate o when k = 2, and
solve the optimization problem introduced in Appendix for k > 3.

We first fix € to be 3 and vary the sample size. To make each unit have the same expected number

of neighbors, we scale the probability p in Erdés-Rényi model accordingly. For each n, we fix the
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Confidence Interval Network 1  Network 2 Network 3
—d
Gaussian CI with variance estimated by Var 92.9% 98.4% 95.9%
Gaussian CI with variance estimated by Var 97.2% 99.8% 100%
—d
Chebyshev CI with variance estimated by Var 91.4% 94.1% 96.4%
Chebyshev CI with variance estimated by Var 94.6% 95.6% 97.7%

Table 2.2: Coverage of two approximate confidence intervals for 71 F with k = 2

graph and generate 100 realizations of assignments. Table shows the root mean squared errors
for three kinds of estimators for the total effect: the usual Horvitz-Thompson estimator, the convex
combination type estimator with & = 2, and the convex combination estimator with k = 5. We see
that the convex combination type estimators effectively reduce the mean squared error. Moreover,

when n is relatively small, the reduction in mean squared error is significant.

Coverage of two approximate confidence intervals

Recall that in Section we gave two approximate confidence intervals of 7/ based on our
convex combination estimator 77 and variance estimator. We now provide coverage results of these
two approximate confidence intervals. We assume a social network generated from the Erdos-Rényi
Model with n = 100 and p = 0.05. We fix the stability parameter ¢ to be 3 and generate the data
in the same way as in the previous section. To calculate the coverage, we generate 1000 realizations
of the assignments and construct approximate confidence intervals accordingly.

Table [2.2] shows the two approximate confidence intervals provide reasonable coverage across
the three different social networks. Although the Gaussian confidence interval ignores the bias of
75, it tends to provide better coverage than the confidence intervals obtained from the Chebyshev
approach. Moreover, the Gaussian intervals tend to be shorter, making them practically more useful.
Appendix provides an additional table showing the average lengths of the confidence intervals
in Table 2.2

2.5 Two real data examples

We now apply our methods to two empirical applications. In the first application, we use the convex
combination estimator to analyze a panel experiment and show it reduces the variance and leads
to more reliable estimates of the temporal exposure contrast. In the second application, we run a
semi-synthetic experiment on a social network to demonstrate the necessity of our assumptions for
the validity of the analysis and provide further empirical evidence of the advantage of the convex

combination estimator.
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2.5.1 Rational cooperation

The panel experiment we analyze is from |Andreoni and Samuelson| [2006]. The authors test a
game-theoretic model of “rational cooperation” through a panel experiment. Specifically, in each
experiment session, they recruited 22 subjects to play 20 twice-played prisoners’ dilemmas, ensuring
that no player would meet the same partner twice. The twice-played prisoners’ dilemma consists of
two periods with different pay-off structures, as shown in Table [2:3] The parameters 1, zo satisfy
r1,22 > 0, x1 + 22 = 10.
| ¢ D | ¢ D
C | (3z1,3z1) (0,4x) C | (3x9,372) (0,4x5)
D (424,0) (z1,21) D (4x4,0) (z2,22)

Period one Period two

Table 2.3: Payoff structure in the experiment conducted by |Andreoni and Samuelson| [2006]. The
choice C' denotes “cooperate” and the choice D “defect.”

Let A = 1193-1@’ then for each round of the experiment, 22 subjects were grouped into 11 pairs,
and each pair was randomly assigned with a A ~ Unif{0,0.1,---,0.9,1}. The outcomes were the

total payoffs. Since there are five sessions in total, we have 110 subjects and 2200 outcomes. We
use this panel experiment to illustrate that the convex combination estimator effectively reduces
the estimates’ variance and thus produces more reliable estimates. To this end, following |Bojinov,
et al.|[2021b], we define treatment to be A > 0.6 and control to be A < 0.6. This results in a panel
experiment with binary treatments and Bernoulli design with treated probability % Under this
setup, we generally expect a positive treatment affect as the payoffs are more concentrated in period
two.

We next build a social network among all subjects in the experiment. If the players have played
each other in the first few rounds, then they should have some influence on each other for the later
rounds. Hence, we consider any players that played each other in the first five rounds of the game
as being connected. We then use the remaining 15 rounds as our experimental data. So, for our
panel experiment, we have n = 110 and T = 15. As|Bojinov et al.| [2021b] showed little evidence of
carryover effects, we assume there is only population interference. Then, we use the exposure model
in and the temporal exposure contrast we are interested in is the exposure contrast between
(0,<0.2) and (1, > 0.8) for each time step. We now report the Horvitz-Thompson estimates of the
temporal exposure contrast for the last 10 time steps, the estimates from the 2-step, and the 5-steps
convex combination estimator estimates. Table 2.4l shows the results.

In general, we do not expect the temporal exposure contrasts to be different for different time
steps since all the 15 rounds of games were done together in one session. And as we can see from
the table, the convex combination estimator leads to estimates with much smaller variance. Note

that the estimates from 2-step and 5-steps convex combination estimators are similar, illustrating
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Time Step T=6 T=7 T=8 T=9 T=10 T=11 T=12 T=13 T=14 T =15 Variance
Horvitz-Thompson -8.08 11.03 2939 -3.53 57.48 -3.76 10.29 23.40 -13.70 16.19 452.80

2-step -6.84  9.48 2540 -2.99  33.81 -2.98 9.83 2210  -11.20 14.64 226.13

5-steps -6.83 9.46 2538 -2.98  33.74 -2.97 9.82 22.09  -11.17 14.63 225.37

Table 2.4: Estimates for temporal exposure contrasts from the panel experiment in |[Andreoni and,
Samuelson| [20006]

that the choice of k is not crucial since the estimator itself takes care of it. Moreover, as we pointed
out earlier, we would expect positive exposure contrast and the estimates from convex combination
estimator are more reliable in the sense that it shrinks the estimates towards zero when the Horvitz-
Thompson estimator gives a negative value (this is possible since we only have n = 110 subjects

which is a small number).

2.5.2 Facebook network semi-synthetic experiment

We now describe a semi-synthetic experiment using the Swarthmore College social network from the
Facebook 100 dataset [Traud et al.||2012]. All networks in this dataset are complete online friendship
networks for one hundred colleges and universities collected from a single-day snapshot of Facebook
in September 2005. The network we use is of size 1657 with 61049 edges. We use this network as the
graph that describes population interference among units and generate an assignment vector using
a Bernoulli design with a success probability of 1/2. We first show mean squared error reduction
of using convex combination estimator to estimate temporal exposure contrast between (0,0) and

(1,1) at T =20. Let p; ¢ = ITIA > jen; Wyt we assume the following exposure mappings:

0 if Pi,t S 037
fi(wint) = (Wi, pie), where pir = p;,  if0.3<p;; <0.7,
1 if p;+ > 0.7.

Now we make a panel experiment with 7' = 20. We generate the outcomes at each time step
according to a linear model that is linear in w; ; and p;+ and add a time-varying component ¢; that
is uniformly distributed on [—0.5,0.5]. Table shows the empirical bias, the variance, and the
root mean squared errors (RMSE) of the estimates of the temporal exposure contrast at time step
T = 20 by using Horvitz-Thompson estimator, 2-step convex combination estimator, and 5-step
convex combination estimator. As expected, the convex combination estimator reduces the RMSE
significantly. Though the biases seem large compared to the Horvitz-Thompson estimator, as we
mentioned previously, we can also control the amount of bias we tolerate, which implicitly accounts
for the time effect.

The maximal degree for the network is 577, which is far greater than the v/n. To make Theorem
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Estimator of TEC  Horvitz-Thompson 2-step CVX 5-step CVX

RMSE 50.48 3.57 3.31
Empirical bias 0.26 2.75 2.80
Empirical variance 2548.495 5.19 3.09

Table 2.5: RMSE for different estimators of temporal exposure contrast at T = 20
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Figure 2.3: Histogram, T' = 20 Figure 2.4: Histogram, T' = 100

hold approximately for this network, we require having an extremely large T. Below we illustrate

this empirically through a semi-synthetic experiment. Let

0 if pie < 0.35,
) ) i 0.35 < pis < 0.5,
Ji(Wim,t) = (wiy, pie), where p;; =
2 if 0.5 < piy < 0.65,
3 if pry > 0.65.

We are interested in the average temporal exposure contrast between (1,3) and (0,0). Since the
network is dense, with an average degree of 73.69, we expect the Horvitz-Thompson estimator to be
inaccurate since units with exposure values (1, 3) or (0,0) will unlikely to be those units with many
neighbors. Figure and show the histograms of Horvitz-Thompson estimates for 7' = 20 and
T = 100 respectively. Here, we calculate ATEC for 10,000 realizations, and since the computation
of the variance estimate is time-consuming, we do not rescale the estimates.

Figure 2.3] shows that when T' = 20 the histogram is far from normally distributed. Figure [2:4]
shows that when T' = 100, although the data are much closer to being normally distributed, they
still are not. Also, note that the centers of these two histograms are away from 0; as we stated
above, since some of the neighborhoods are extremely large, we cannot observe the exposure value

we would need for units with large neighborhoods. This illustrates the necessity of condition (2.6]) —
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reliable inference requires more experiments if we have a dense network. We also report the coverage
using a Gaussian confidence interval here. For both T = 20 and T" = 100, the empirical coverage of

naive Gaussian confidence interval is around 80%.

2.6 Conclusion

In this chapter, we have developed estimation and inference results for panel experiments with
population interference. In the standard setting with pure population interference, we prove a central
limit theorem under weaker conditions than previous results in the existing literature and highlight
the trade-off between flexibility in the design and the interference structure. When population
interference and carryover effects co-exist, we propose a novel central limit theorem. Finally, we
introduce a new type of assumptions —stability assumptions — as an alternative to (or complement
of) exposure mappings for controlling interference in temporal settings.

Many interesting avenues of investigation around interference in panel experiments have been left
unexplored in this manuscript and will be the object of future work. First, our results only consider
the Bernoulli design: this is, of course, limiting, but it does present a useful benchmark. We are
particularly interested in exploring how to design panel experiments in the presence of population
interference and carryover effects. Basse et al.| [2019] study minimax designs with carryover effects,
but the symmetries they exploit break under population interference, so new approaches are required.
Second, while our simulations show that our convex combination estimators seem to behave well,
our formal results under this new stability assumption are still limited. In particular, we plan to
study the asymptotic properties of these estimators and provide a firmer theoretical grounding for
their inferential properties. Third, explicit discussions on testing are not included. Though our
results do provide a way to test certain hypotheses by inverting the confidence intervals and there
has been literature [Bojinov et al., |2021b] that discuss how to conduct Fisher randomization test
for the sharp null hypothesis in panel experiments, more testing results would be more beneficial to

practitioners.

2.7 Appendix

2.7.1 Standard population interference

This appendix focuses on estimating TEC under population interference and assumes that either
the experiment was conducted over a single time point or that there are no carryover effects. In
both cases, we drop the subscript ¢ for the remainder of the section. Our setup is now equivalent to
the one studied in |Liu and Hudgens| [2014], |Aronow and Samii| [2017], |Chin| [2018] and |Leung [2022].
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!
k.k

Our Horvitz-Thompson type estimator 7 now simplifies to,

, (2.12)

where 7;(k) = P(H; = k) and m;(k') = P(H; = k).
Aronow and Samii|[2017] showed that if the potential outcomes and inverse exposure probabilities
are bounded, and the number of dependent pairs of H;’s is of order o(n?), then the estimator 7%

is consistent,
’ 7
G —

In addition, the authors provided an asymptotically conservative confidence interval of %k’k, and
implicitly outlined a version of a central limit theorem in the proof. However, the conditions stated
in their derivations were sufficient but not necessary. Below, we establish a central limit theorem
for %k’k/
Chin| [2018]. We then illustrate the trade-offs between the strength of the interference structure

assumption and the assignment mechanism’s flexibility.

under weaker conditions and provide a detailed proof that builds on recent results by

A central limit theorem

Our central limit theorem requires four additional assumptions. The first two assumptions bound

the potential outcomes and the inverse probabilities of exposure.

Assumption 16 (Uniformly bounded potential outcomes). Assume that all the potential outcomes
are uniformly bounded, i.e., |Y;(k)| < M for some M and for all i and k.

Assumption 17 (Overlap). Assume all the exposure probabilities are bounded away from 0 and 1,
i.e., 3p > 0 such that Vk and i, 0 < p < m;(k) <1—-n < 1.

Assumptions [L6] and [17] are standard in the causal inference literature (Aronow and Samii [2017];
Leung| [2022]). Assumption holds in most practical applications as realizations of the outcome
variables are almost always bounded. Assumption [I7]is necessary as vanishing exposure probabilities
make the causal question ill-defined as we cannot observe the associated potential outcomes.

The next assumption rules out the existence of a pathological subsequence ny along which the

limiting variance of our estimator is zero.

Assumption 18 (Nondegenerate asymptotic variance). Assume that liminf, . Var(y/n7"F ) > 0

for any t.

As a consequence of this assumption, for each ¢, there exists a constant ¢ > 0 such that
Var(\/ﬁf'tk *) > ¢ for all sufficiently large n. This type of assumption seems unavoidable, even
in settings without interference (see, e.g., Corollary 1 in |Guo and Basse [2021], and subsequent

discussion).
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The fourth assumption quantifies the dependence among observations due to interference; to
define it, we require a notion of the dependency graph for a collection of random variables. We
define the dependency graph G,, for Hy,--- , H, to be the graph with vertices V' ={1,--- ,n} and
edges E such that (i,7) € E if and only if H; and H; are not independent. The graph G,, models
the dependency relationship among n random variables Hy,--- , H,. Let d,, be the maximal degree
in this graph, which is equal to the maximal number of dependent exposure values for each unit.
Notice that the dependency graph depends both on the interference structure and on the assignment
mechanism.

We can now state the following central limit theorem for temporal exposure contrast.

Theorem 19. Under Assumptions and the condition that d,, = o(n'/*), we have

Akk kK
VI =) 4 o,
Var(y/nk-k)1/2

as n — Q.

Theorem [19| strengthens the result of |Aronow and Samii| [2017] in two ways. First, our As-
sumption weakens Condition 6 of |[Aronow and Samii| [2017], which requires the convergence
of Var(y/n#}) ’kl). Second, we allow for a higher range of dependence (d,, = o(n'/*) compared to
d, = O(1) as in|Aronow and Samii [2017]) among exposure values. The proof of this theorem relies

on recent results in |Chin| [2018].

Design and interference structure: a trade-off

Intuitively, Theorem [19|asserts that asymptotic normality holds so long as the dependency relations
among the H;’s are moderate. However, since H; = f;(Wi.,) is determined by both function f;
and assignment W, the dependence structure among the H;’s — and therefore the value of d,, —
depends on both the exposure specification and the assignment mechanism.

This suggests that there exists a trade-off between the strength of the dependence in the W;’s
induced by the assignment mechanism and the dependence induced by the interference structure.
The less restricted the interference structure is, the more restricted the assignment mechanism must
be; in reverse, the more restricted the interference structure, the more flexible one can be with
the design. We illustrate these insights with three special cases of Theorem applied to popular
settings. We should also note that our condition on d,, is not a sufficient condition for the central
limit theorem. For example, if we consider f;(W;) = W; (i.e., there is no interference) and W follows
completely randomized design, then the central limit theorem still holds (see Theorem 1 in |Ding
[2017]). The discussion here mainly illustrates the entanglement between the assignment mechanism

and the interference structure from a general perspective.
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Ezxample 2. Suppose that the interference structure among n units is adequately described by a
social network A,,, and assume that the exposure mapping is of the form f;(W1.,) = fi(Wh,); that
is, only the neighbors’ assignments matter. Let §,, be the maximal number of neighbors a unit can
have in the network .A,, — which is distinct from the dependency graph. Then if 6, = o(n'/®) and
the W;’s are independent (i.e., the design is Bernoulli), then d,, = o(n'/*) as required by Theorem

This first example explores one extreme end of the trade-off, in which the assignment mechanism
is maximally restricted — the W;’s are independent — which allows for a comparatively large amount

of interference.

Ezample 3. We consider the graph cluster randomization approach (Ugander et al.|[2013]) in which
case we group units into clusters and randomize at the cluster level. Following the notations in
Ugander et al.| [2013], we let the vertices be partitioned into n. clusters Cy,---,Cy.. The graph
cluster randomization approach assigns either treatment or control to all the units in each cluster.
Suppose one’s potential outcomes depend only on the assignments of its neighbors. Let 4, be
the maximal number of neighbors one can have and ¢, be the maximal size of the cluster. Then
dn, = o(n'/*) for 62 + 6,c, = o(n'/4).

Ezample 4. Another commonly studied scenario is the “household” interference (Basse and Feller
[2018]; Duflo and Saez [2003]). In household interference, we assume that each unit belongs to a
“household” and their potential outcomes depend only on the assignments of the units within the
“household”. Suppose we have a two-stage design such that we first assign each household into
treatment group or control group independently and then we assign treatments to units in each
household depending on the assignment of their associated household. Let r, be the maximal size
of the “household”, then d,, = o(n'/*) for r, = o(n'/4).

Table summarizes the above three examples. In Example 2] to have a general network
interference setting with the maximum possible number of neighbors for each unit, we constrain
the design to be the Bernoulli design. Further limiting the interference, like in Example [d] where
the interference is restricted within households, we can have a more complex two-stage design. In
the same spirit, Example |3| shows that for a highly dependent design, we need an even stronger
condition on the interference structure, indicated by a stronger rate condition on d,. In general, a
weaker assumption on the interference structure induces a more complex dependence graph for the

exposures, which in turn reduces our flexibility in the choice of design.

Interference Design Conditions
Network Interference Bernoulli Design 8, = o(n'/®)
Network Interference Graph Cluster Randomization 62 + d,¢, = o(n'/*)

Group Interference Two-stage Design 7 = o(n/*)

Table 2.6: Trade-off between design and interference
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Inference
The central limit theorem stated in Theorem [19] serves as our basis for inference.

Proposition 9. Assuming all the assumptions in Theorem[19, then for any 6 > 0,

T akk
p( Ve ) oy 5)
Var(7+F")

—_— ’ — ’
where Var(+%F ) = n= ' Var(y/n7%* ). Therefore, we can construct asymptotically conservative con-

fidence intervals based on the variance estimator: for any § > 0,

/ R 4 21—« —
P (Tk’k € |:Tk’k — ——2—\/ Var(7k:F"),

V1—96

!
pkok Var(%’f?k/)

Zl1—a —
+ 2
T T D =
for large n.

@(ﬁf'k’k ) is the same as the one given in Proposition [2} Once again, this result strengthens
that of [Aronow and Samiil [2017] by both removing the requirement that nVar(#%* ) converge, and
by relaxing the constraint on the interference mechanism. Note that here § > 0 is arbitrary and we

present detailed simulations in Section 2.4 with 6 = 0.04.

2.7.2 Proofs and additional discussions

To begin with, we provide technical tools that we will use in our proofs. We first state a lemma
from Ross| [2011]:

Lemma 1. Let X1, , X, be a collection of random variables such that E [Xf] < o0 andE[X;] =0.
Let 02 =Var(}_, X;) and S = Y., X;. Let d be the mazimal degree of the dependency graph of
(X1, -+, Xn). Then for constants Cy and Co which do not depend on n,d or o

d3/2 n A 1/2 d? n ;
dw (S/0) < Cr— > E[X/] +Cog > EIXGP, (2.13)
i=1 i=1
where dy(S/o) is the Wasserstein distance between S/o and standard Gaussian.

’
Second, we provide the expression for the variance of 7#:*
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Lemma 2 (Variance of Horvitz-Thompson estimator). We have that (Aronow and Samii [2017)]):

J% Zﬂz(k )1 —mi(k)) (YEZD + gZYZ(kJ)YZ(k/)
N Yi(k) ; (k)
- (75 (k) — mi(k)m; (k)]

”;%;{ mi(k) (k)
# [t = b )] 2 220 }

2 n ’ ’ Y;(k) }/J(k/)

T n mij (ks k) — mi(k)m; (k) ;
eyl | 2t

Here m;;(k) = P(H; = k and H; = k)

Proof of Theorem[19. Note that #%* =" 7 where

and E[7] = L [Yi(k:) —Yi(k’)}, hence if we let X; = n(7i — E[7]), then a(hF — 70+ =

>r , X; = S. By Assumption [16{and Assumption we know that X; = Op(n_l/2)7 hence there

exist some constants C; and C5 such that for sufficiently large n, both

n 1/2
(Z]E [Xf]) < Cin /2
i=1

and N
D EIX < Con~ 12
=1

hold. Moreover, by Assumption

o? = Var(z X;) = nVar(#%")
i
is bounded away from 0. Note that X; is a function of H;, hence X; and X; are not independent if
and only if H; and H; are not independent. Since d,, = o(n'/*), we know that the maximal degree

of the dependency graph of X;’s is o(n'/*). Now we apply Lemma Since 02 is bounded away
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from 0, we get:

RHS of (2.13) = o(n™ /%) + 0(1) — 0
We're done. m

Remark 3. In fact, with the tools in |Leung] [2022], we can prove this theorem with a weaker condition
on d,: d, = O(logn).

Proof of Example[3 Note that H; is a function of W; and W,’s for j being a neighbor of i. If H;
and H; are dependent, there must be the case that ({i} UN;) N ({7} UN) is nonempty since we have
the Bernoulli design. Hence, for each fixed unit ¢, there are at most d,, units such that the above

intersection is nonempty. 0

Proof of Ezample [}, We use the same reasoning as in the above proof. The only change is that now
we know that each unit is belonged to a group and units in the group are connected. Therefore, for
each fixed unit 4, all the units outside the group will not have effect on unit 7. As a result, we can

have 7,, = o(n'/*). O

Proof of Example[3. Since we do not have Bernoulli design anymore, there might be the case that
W, and W; are dependent, hence except ({i} UN;) N ({j} UN) is nonempty, there is another case
that makes H; and H; dependent: a neighbor of ¢ is in the same cluster as a neighbor of j. For this
case, we have at most d,c, such j’s for a fixed unit 7. Hence, in total, there are at most 62 + d,¢,
j’s such that H; and H; are dependent. O

Proof of Proposition[§ We first prove the first part of the proposition. The proof is based on A.7 in
Aronow and Samii| [2017]. To start with, for any (¢,j) € {1,---,} x {1,--- ,n}, we define ¢;; = 1 if
H; and H; are dependent and 0 otherwise. Let a,;(H;, H;) be the sum of the elements in @(i’k’k )

that incorporate ¢ and j, then

n n

Var (Var(#)) < n~Var | 373" eyjay (Hi, Hy)

i=1 j=1

n n n n
= 7’L—4 Z Z Z Z Cov [eijaij(Hi, Hj), eklakl(Hk, Hl)]
i=1 j=1 k=1 I=1
Note that Cov [e;ja:;(H;, Hj), exiari(Hy, Hp)] is nonzero if and only if e;; = 1,e; = 1 and at least
one of e, €1, €k, €1 is 1. In total, there are at most 4nd? (i, j, k, )’s satisfying this condition. And
by Assumption |16| and each covariance term is bounded, so we know that Var (\//ﬁ(%kvk/)) =
o(n™* x n x n3%) — 0 as n — co. Then by Chebyshev’s inequality,

[Var(va#h') — E [Var(vat™* )] | = op(1).
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Since E [\E(%k’k/)} > Var(%k’k,),

ok k
pYarE™) o 5) 51
Var(7h:k")

for any § > 0.
Now we can prove the second part of the proposition. We have that

LHS =P VA — ) _ Ay Var(yatht)
\/Var(\/ﬁ%k,k') T V1=19\ Var(y/nikk")

an

VA — | as [Narymee)  Varyaett)
\/Var(\/ﬁf-k,k,) T V1I=6\ Var(y/nrkk") Var(y/n#kk)

N N O koK
Sp (VU 27 ) <y and YRV ) g
Var(y/nrhk) Var(y/nik+")

Ak Rk N
VAt o | PP I | il it i
Var(\/ﬁ%’“’k/) '

Now,

N
VAl i | PN
Var(y/nk+)

o= kK
—P M <1-— )
Var(y/n7kF)
T akok
=P S Z1—a - P M,) <1l-— 1
: Var(#4:+)

- 11—«

>1P><

\/ﬁ(f_k,k/ B Tlc,k')
Var(\/ﬁ%kvk/)

as n — oo by the first part and Theorem O
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Proof of Theorem[8§ We use a characteristic function argument. We first note that

ot T kK T kK
VAT (T — 78k ) VT (33 7 — 7 )

/ T / T
% Zt:l 072z,t % Zt:l 012L,t
!’ i
T Aok k.k
_ \/T% Do V(T =)
/ T
% Zt:l Ur%,t

T
. % Zt:l Xn,t

)
/1 T 2
T Zt:l Un,t

! !
where X,,; = \/ﬁ(f'fkk — Ttk’k ). Now,

/0T 2k —kk
E |exp {i)\ nT(r _ T )} (2.15)
\V % Zt:l U?z,t
4. ZT_ Xn t
=E |exp {i)\ﬁ t;l 1 }
\ % Et:l ‘7721,75
T [ L)(n t
= H E |exp {z/\\/TT}
t=1 | \V % D1 0n
T
Aoy, X,
:HIE exp{i On.t ’t}
t=1 | \/ Zle 0121,t Inst
T
= [ ¢xu ATn s (2.16)

The second equality follows from our assumption that assignment vectors are independent across
time and ¢x denotes the characteristic function of a random variable X. Pick ¢ > 0. Now, to
conclude the proof, we note that

$x0n(0) = e

Tn,t

for any ¢t € {1,---,T}. Moreover, for each ¢, the convergence is actually uniform on any bounded

interval. Therefore, for any ¢t € {1,--- , T},

2
D xn. (0) — e T uniformly on (0, 1).

In,t
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Note that N
oo,
\V >i-1 0721,15
so for any t, 3N; € N such that for any n > N,
i’ Ao { 1 Noy, H "
Xn,t —_— — €exp - 7T7’ = |€¢
ot S o2, 2y 1o
1
< —.
-2

Let N = max{Ny,---,Nr}, then for all n > N, and for all t € {1,--- , T},

A 1 Ao2 1
b xns _ Ont _exp{ C 0t U e < =

T 9T
e\ o2, 2y i on

where K is any big number we want. Now,

where R(e;) is a remainder term that is the sum of several monomial terms of €;’s. Note that

2 _2
— %% is actually bounded by 1, hence by making K sufficiently large, we can make
t=1"n,t

R(et) arbitrarily small. Pick such K, then we know that for sufficiently large n,

exp

/0T 2k =kk 1
E exp{i)\ nT(r ™) —exp{—)\z} <e.
1T 9 2
VT Dot—10n.t
Hence, by standard characteristic function argument, we complete the proof of the theorem. O

To prove Theorem we first state the following version of Lindeberg-Feller central limit theo-

rem.

Lemma 3 (Lindeberg-Feller CLT). Let {k,}n>1 be a sequence of positive integers increasing to
infinity. For each n, let {X, ;}1<i<k, 5 a collection of independent random variables. Let p, ; ==

E(X,;) and
kn

52 = Z Var(Xn,i)-
i=1
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Suppose that for any € > 0,

nh_)rr;o g ZE ((Xn,i — un7i)2; | X0i — tnil > esn) =0. (2.17)

Then the random variable .
Ziil(—xn,i - Nn,i)

Sn

4 N(0,1)
as n — oQ.

Proof of Theorem [10, We first prove the theorem Wlth condition We note that /nT(7FF —

ook ) =1, \F(Akk — 7R Let Xy = /2 Akk , then i = /% , 80 the numerator is
exactly thl( n,t — fn,t). Moreover, note that for any n, X,1,- - ,XnﬁT are independent by the

pure population interference assumption. Now,

11T
fz ar(\f )

N kK

= | Ty — T

Akk, kK

— T is uniformly bounded. Hence for sufficiently

Note that by Assumptions and
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! !
Akk k,k

large n, |7," — T

< €4/ %L 23:1 ai,t for all t. Therefore, for sufficiently large n,

T
1
LS (Ot e el 2 ) =0

n =1

39

As aresult, (2.17)) is satisfied. We’re done. The proof of this theorem with condition (2.6) is exactly

the same as in single time step case once we notice that the numerator is just a sum of n7" mean 0

dependent random variables.

O

To prove Theorem [9] we need the following version of Lyapunov central limit theorem.

Lemma 4 (Lyapunov CLT). Let {X,,}32, be a sequence of independent random variables. Let

i =E(X;) and

If for some § > 0,
1
lim —— Y E|X; — > =0,

then the random variable "oy

Sn

’
7~k k

Proof of Theorem[9 This time, we let X; = 77, then the numerator is Z?Zl(Xt

we have pure population interference, {X;}$°, are independent. Now,
T

s% = Z Var(X})

t=1
T
1
SN
t=1
Hence, we only need to check (2.18). We have that

T
D EIX, —

t=1

lim ——
T—o00 ngré

(2.18)

— p4¢). Since
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40
Now, by Assumptions [16{and [17, IM > 0 such that |#F* —75% | < M for all t. Hence,
1y o kK e |21
2795 (*) ZE Ty Ty
5T+ T t=1
1 /n\1+3
< () TME
S,?j_é T
5
1 ontte s
5%—&-6 T
1 n1+% 248 . . s
IfT — oo, SQTTM — 0. Therefore, ([2.18]) is satisfied. We’re done. O
T
Proof of Proposition[3 Now we can prove the second part of the proposition. We have that
N ’ B / T A Ak:,k/
LHS =P Vo (thE b)) sy | Y Var(yed )
N — T kK
\/% Zthl Var(\/ﬁ%tk’]C ) Vi-3d % >ty Var(y/n7,"")
ki bk T o kK T T akk
> P VnT(Thk — 7kk) < f1-% % >y Var(y/n7, ") and % > iy Var(7,") S1_§
N — T koK T Ak N =
VEST Var(yart) |~ VIZON S, Vartyma) T AL VarE)
T 2k =kK 15T Yar %k,k/
- p VnT (T T ), <g andzer;A (tkk/)21_6 (2.19)
\/% ZtT=1 Var(\/ﬁ%tk’k ) T 2y Var(7)
Furthermore,
2kk’ _ =k,K
@19) =P VT (7 ) | 2og
T Kk
\/% 21— Var(yv/ni ")
T(akk _ kK 15T Var Ak
_P W(T T )/ <z_g and TZ;_l (Ttkk’)<1_6
\/% Z;le Var(y/n# ") T 24— Var(7 ")
ek =kk 15T Var ke k'
sp (| IEE ) th;l i) c1s
\/% Zthl Var(\/ﬁftk’k ) T 2p= Var(7,")
: Ly Varh) .
So if we can show P | T=t=t—t > <1 —§ | — 0 then we are done. Notice that
T2 Var(-f—f”“ )
1 & / 1 « ,
T Ak k T Ak
Var (T t_ZlVar(Tt )) =73 ;Var <Var(7't )) . (2.20)

If T is fixed (i.e., Theorem [8| holds), then by what we have in Proposition @ we immediately have
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that (2.20) — 0 and we are done. Now suppose Theorem [L0| holds. Recall that

Var (@(%k’k, )) —4 i Z Z

i=1 j=1k=11

Cov [e;ja;(H;, Hj),
1

erar (Hy, Hy)),

which implies that Var (@(ﬁk K )> is uniformly bounded by a constant M by Assumption [16|and
So

T
TQZV&r(Vath )ST; ==

as T'— 0. So in the regime where both n and T' go to infinity (i.e., Theorem 10| holds) or T' goes to

infinity (i.e., Theorem [9 holds), (2.20) — 0 and we are done. O
Proof of Theorem[13 This should be exactly the same as our proof of Theorem O

Proof of Proposition[3

[B[7] = 77| = [E[laf™ + (1 — a)775] — 7]
=lar/ " + (1 - a)r — 77|
=1 - a)(n 5 —7")

= (1~ )| 77"

The second equality follows from unbiasedness of 7/ £ and #1'5. To further bound the bias, we need
to bound |75 — 7T'F|. We do this below.

|Tth;_TtTE|:](imei)—;Zm,t(h?))—< ZYm —*ZYM )‘
i=1 }

E D ha(h)  iea (D) = & D)~ Vo ()

i=1

1< 1o
< E;'Yi’t(hi Yi—1(hi) |+nZ|th (hi) = Yie—1(h))]

i=1

3\>~

—

< 2e¢

by our e-weak-stability assumption. Hence,

E[7] -7 7] <2(1 - a)e.



2.7. APPENDIX 42

Remark 4. Note that following the exact derivation, we can know that
IrFE — rTE < 2lt — 1| (2.21)

Proposition 10 (Variance and Covariance of Horvitz-Thompson Type Estimators). For each i €
{1,---,n},t € {1,---, T}, we let P(H;y = h}) = n},, P(H;y = hY) = 70, P(H;; = h}) = =},

and P(Hj; = h}) = 75,. Moreover, for each i # j and t, we let P(H;, = hi, Hj; = h}) = 7"1,]115;

P(H;, = h?, H t_hl)_n?jt,lp( Hiy=ht Hjy=hY) =n}7, and P(H;, = hY, t_ho)_w({;’t,
then

V5D —7iy) | YA =)
Var 7A_tTE _ 2 Z [ t ( ,t) + ,t( 31—(0 ,t) + QK,t(hz)Y;,t(h?)}
it
2 Yiat(hll)}/jﬁ(hjl')(ﬂil,ijl,t —miimya)  Yae (W)Y (hy)(miy, — mhum)4)
t— Z | - 70 1 (222)
1<i<j<n it gt itV gt
_ Y)Y (W) (i = mhomy) | Yor(h)Yse(h) (i, = mlamle)
7Tl1t71'§)t 7TO TI'?t
As for Cov(#] 45 F), if we let P(Hyy = i, Hyy = hi) =3 P(Hyy = B, Hy p = i) =70,
_ _ 30y _ 1,0 _ 1,0 0 0,0 _pl _ ply _
P(H;; = hl, i,t'_hz’)_ﬂ-i’t’t’?P(Hi;t_hi’ - /—h)—ﬂ'tt, and P(H; ¢ = h;,H; y = hj) =
1,1 _ 1,0 _ 1y _ 01 _ 0y — 1,0 N _
ﬂ-zt,j,t ]P)( it _hi’Hj,t' —hj) _ﬂ-i,t,j,t" P(Hi,t —h H ' = h? ) T(zt]t P(Hi,t _hi’Hj,t’ =
ho) = ﬂ?toj o+ then we have the following expression for Cov( TE, tTE)
" 1 1111 (10 1 01 0 1
Z Yiu(hi)Y; p (hi)(m,, = Tiam; 1) B Yie(hi)Y, o (hi) (7)) o = Tiamy 1)
n? .t L e
Vgt ’ 7,t
Yvi,t(h'zl)yiyt’ (h?)(”;’gt' - Wazl,tﬂgt/) Yi t(h ) (ho)( ’M - W?,tﬂio,t/)
- 1 .0 + 70 70
it i,t/ it i,t’
1 1y, 1,1 11 (10 01 0 1
L2 Yiu(hi)Y o (h5) (7, = Tiam) ) B Vi ()Y (hy) (o = Wi )
2 T 1 0 1
1<i<j<n it ™5 ¢ it ¢
1,0 0,0
Yiehi)Y, o (B) () o = mieml ) Yiu(h))Y, o (W) —wlem) 1)
— T 0 0 0 (2.23)
i,t j,t/ it j,t/
Proof of Proposition[I0, This can be done by direct calculations. O

Proof of Proposition[f] We’d like to have reduction in MSE by using 7f. By the bias-variance

decomposition and note that 77 ¥ is unbiased, this boils down to

Var(#f) + |E[7f] — TtTE\Z < Var(f TE)
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By Proposition [3] it suffices to have
Var(7f) +4(1 — a)?¢® < Var(71'F),
which is further equivalent to

2Var(#FP) + (1 - a)?Var(#1E)
+2a(1 — a)Cov(#E,71E) + 4(1 — a)?e? (2.24)

< Var(#1'F)
Rewrite (2.24]), we have

(462 + Var(#I'®) + Var(#I'5) — 2Cov (7', %ﬁ?)) o?
— (8¢ + 2Var(#1]) — 2Cov(# 7, #H))

+ (46 + Var(#) = Var(7'F)) <0 (2.25)

Now we look at the left hand side of , which is quadratic in . To ease notations, let A =
Var(#I'F), B = Var(#L5) and C = Cov(7'¥,7I'E). It’s easy to see that the left hand side achieves
% and is 0 at @ = 1. So if we have § < 1, then for some
a € (0,1), we have reduction in MSE. Moreover, if § < %, we then know that for a = %,
have smaller MSE by the property of quadratic functions. And simple algebra shows that § < % is

equivalent to A — B > 4€2. O

its minimum at a = § = 1 —

we also
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Proposition 11 (Estimators of variance). We define two estimators of the variance:

S 1 1 1 Yt ? 0 0 Yis ?
Var' (#7) = 5D | WHie =hi) (1 =mip) (5 ) +1(Hie = A1 —7l0) ( 5
i=1 it it
Y7 W, YA 0
" T (His )+ T, (B )}
2 1,1 (7Ti1,7j1t - ﬂ'zltﬂ' )YitY
o5 D | A OL(Hi = h)1(Hj = b)) T
1<i<j<n T T

(W?'l _W?tﬁ DY Y
_( ( ”t?éO) ( t:h?)l(Hjﬁt:hjl') = 0 .1 01

Tt 5,605,
(03, = oy (M = ROV 1y = D)V
Lt 27T2t 2l
(Wil’p - 77111577 )YZ Yt
- (1(7Ti1£t #0)1(Hi, = hi)1(Hj = hY) x J’twl 70 7r1 X
i,t " g, t ", 5,t
—1(7r-1’Q _ 0) 1(Hi,t = hzl)yft + 1(Hj,t = h?)Yﬁt
Lt 27}, 27r0
(Hi,t = hg)l(HJ»i = ho)( idt W?HT )Yz Yt
+1(my, #0) s 00“ (2:26)
T T 56T 5,
and
4 1 n Y‘t 2 Yt 2
Var (#FF) = = {1(Hi,t =hi)(1—7y) (W’_l* ) + 1(Hiyp = h))(1 — 7)) (Wg )
i=1 it it
N 2 T [( (x11, £0) L(H; = hi)1(Hj. = hj) (), — mlom) ) YiiYia
; ,t 1,1
n? 1<i<j<n = Wzltﬂyl,th,y,t
il 2r?, 27r]1-,t
H;y = h))1(Hj: = h; w4 ) YieY;
( ]t#o) ( )t )( t )(OLljt t ) tly,t
e W?tﬂ—]l',tﬂ-i,j,
=hi)l —ho i 75 1) Yt Y
(”ﬁéo)( it )1(H; tl 0)(110]t 0e75.4)Yi Yie
U tﬂ—] tT; ,J,t
1(H;: = ho)l(H], = ho)( it — W?tﬂ' DY Y
+ ( ( ,],t # ) 0 0 ()(i7
Trz tﬂ-j tﬂ-z 0t
1(Hiy = B)YA  1(Hj: = hY)Y?
_ 0,0 _ s 7 1,t J» J J,t
1(7TZ7M 0) < 27rgt + 27T§‘)¢ . (2.27)

Assuming all the potential outcomes are non-negative, we then have that

E [Var'(:7%)| = Var(:'?)
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and
——d
E [Var (i’tTE)} < Var(#1'F).
Proposition 12 (Estimator of the covariance). We have the following unbiased estimator of Cov(7'¥, tTE)

/—h)ltY H(mbt, — k)

~— .TE ATE 2 J i it 7
Cov(7y 7Y = i, ,
't "2 1,1 1 1
n . /ﬂ-itﬂ-- ’
2,t,t vt

L(Hip = h)L(H, p = hi)YieY, () ) —nlum) )

0,1 0 1
it Tt

1(Hi, = h’l)l(Hi,t/ = m)Y;, Y, (0, — )

™

_ ,t,t it
10 1 o
T T
it Tt
V(H;w = W)1(H, = h9)YisY, (™0, — x0,m0 )
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Proving Theorem relies on results in m-dependence central limit theorem. We need the

following result as a lemma.

Lemma 5. Let {X,,;} be a triangular array of mean zero random variables. For eachn =1,2,---
let d = d,,, and suppose Xy, 1, -+, Xn 4 15 an m-dependent sequence of random variables for some
m € N. Define
at+k—1 d
Blh.= Var( > Xm) ,B2 =B, 41 = Var (Z Xn> :
i=a i=1

Assume the following conditions hold. For some § >0, —1 <~y <1 and g = g, > 2m is such that

o =0
E|X,, [>T < A, for all i, (2.28)
Bik’a/(kl"’“’) < K, for all a and for all k > m, (2.29)
B;/(dm") > Ly, (2.30)
B oy, (2.31)

L, g
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(1-7)/2
Kn (m> 0, (2.32)
9

AHLT—L(2+5)/295/2+(1—7)(2+5)/2d—5/2 (m 0. (2.33)

A=7)(2+9)/2
;)

Then, By (Xp1 + -+ Xn.a) % N(0,1).

Proof. This is essentially Theorem 2.1 in Romano and Wolfl [2000]. We replace the original conditions
4, 5 and 6 by the last three conditions. In fact, the last three conditions are needed to establish
the theorem and the conditions 4, 5 and 6 in Theorem 2.1 in Romano and Wolf] [2000] are sufficient

conditions. O

Now, we are ready to prove Theorem
Proof of Theorem[Ij We define 7; ; = ;E?::Z; Yvi,t_ﬂiggq z:: gY = ;Egzzzgyzt(k) 7&? t:Z,)Y (k).
Then the ATEC can be written as

n T
I
= Tit-
4 nT "
i=1 t=1

Similarly, we define 7, ; = Y; (k) — Y; . (k"), which is the true individual exposure contrast. Now,

Tit — Tit)-

A AR |
VT (75 —Tkvk)zzzm<

i=1 t=1

To proceed, we let X, ; + = \/% (Tit—Tit). Weview {X,,;+} as a single sequence of random variables
by enumerating X, ;; following the order X, 11, -+, Xn 1,7, Xn 21, s Xn271, * ; Xnnr. Using
the language in the lemma, d = nT. Since {H; .}, is a sequence of s-dependent random variables

and X, ; ; is a function of H, ;, we know that {X,, ; +} isa sT- dependent sequence of random variables.

In other words, m = sT' in the above lemma. Note that | X, ;| < F
> ko and By
We start with Bi’k,a. For all (i1,t1) and k > m, let (iz,t2) be the index such that when we order

potential outcomes. Hence, for any § > 0, A,, = Cy(nT)~17%/2. Now, we calculate B>
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X’s there are exactly k indices from (i1,t1) to (i2,t2).

(i,6)=(iz,t2)
ko = Var Xoit
(i,6)=(i1,t1)
1 (i,6)=(iz2,t2)
= n—TVar Z Tit
(i,6)=(i1,t1)
1 (i,t)=(i2,t2)
= — Z Var(ﬁt) + 2 Z COV(%U,TM 7~-Paq)

nl | .
(i,t)=(i1,t1) (u,v)#(p,q)

B2

n

Since £k > m = sT, we know that at most mk covariance terms are non-zero. Given uniform
boundedness of potential outcomes and overlap, all the variance and covariance terms are upper

bounded by constants M; > 0 and Ms > 0 respectively. Hence,

mk sk

B2, . < —— (kM + 2mkMy) < Mo = Mz~
. nT n

1
T
Therefore,

9 sk 5
By ra/k < Mgz/k = Mgﬁ =K,.
Now we look at B2. By Assumption Var(v/ nT?’k’k,) > € > 0, hence, for sufficiently large n,

B2 = Var(VnT7"* ) > e > 0,

and
B2/d= B2/(nT) > €¢/(nT) = Ly,.

We let v = 0,6 = 2. Pick g = g, = s3T3n®. With such g, m/g obviously goes to 0. Now,

K, m
2o M MysT - 0
L, g Mt aTne ’
Kn m (1—v)/2
fn' <g> :€M3ST‘W*>O,

A L 2H0)/2g8/241-7)(2+0)/24=5/2 (7:

= Cy(nT) = =0/2¢= CH0) /2 () (240)/2 0/2 (1) =0/2 (g)1+9/2
= C495°T/n when § = 2
= Cys°T*n /n.

>(17)(2+5)/2
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_ (1=v)(2+4)/2
Since s°T4 = o(n}~?), s5T*n® = o(n) and hence A,, L, *79/2 g6/2+(1=7)(2+6)/2 46 /2 (%) ! =

o(1). Having checked all the conditions, by Lemma |5, we are done. O

Proof of Theorem[15 As in the above proof, we check the six conditions in Lemma [5] are satisfied
with v = 0 and 0 = 2. Note that since now X,, ; ; and X, ;; are correlated if and only if ¢ and j are

in the same group, we can reorder X, ;.’s as follows:
X X Xn1,2, 0 Xy s Xon sy Xt 1,15+ Xy, T
Now, this sequence is actually (2r)-dependent, i.e., m = 2r,s = r. Then
K, = My/(nT), L,=¢/(nrT).

Hence K, /L, = Msr. Pick g = g, such that g — oo and g = (nT)3/%. Then with r = o((nT)%),
r?/g — 0 and r3/g — 0.

Ky,
7.ﬁ:M5r.2l*>07
L, g
K, (1—v)/2
- . m) = MST —_— — 0
L, \yg

and

A L2492 8/24(1-7)(240)/2 4~5/2 (m

(1=7)(2+4)/2
;)

= Meg®(nrT) ™ (;)2

= Mgrg/(nT)
=o(nT)/(nT) — 0

Hence all the conditions are satisfied. It is also easy to see that instead of just 2 time steps, any

finite p time steps would work. O

Proof of Proposition[8 Let X, ; = \/%(@k’k — 7F%). The key ingredients are the following two
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expressions:
1 n T
Var(Xn) = — | Y ) (27 = 1)) (k)
nrl
=1 g=1
+ Z 2(2% - 1)Y(l,q)7t(k )2 +2 Z Z Y(l,q),t(k)y(hq)i(k )
=1 g=1 =1 g=1

+ Z Z ((227‘ - 1>Y(1741)¢(k)y(lqu)at(k) + (2% - 1)Y(lvql)¢(k )Y(lqu)vt(k ))

=1 1=1g2#q1

233 N Vgt ) Yuam (k) | (234)

=1 q1=1 g2 #q:
and
C (X X ) - L n I T
ov n,ty An,t+1) — nrT
=1 q1=1g2=1
((27 - 1)}/V(Z,Q1),t(k)yv(l-,tp),t+1(k)
+(2" = DY0q0).t(F )Y(1,00),641(F )
+ Y(l,ql)ﬂt(]€ )Y(l,qz),tﬂ(k) + Y(l,ql),t(k)Y(l,qQ),tH(k )) (2.35)

We have that

T T—1

B2 = ZVar(th) +2 Z Cov(Xn1, Xn141)

t=1 t=1
Plugging in (2.34) and (2.35)), we have the expression of B2. The estimator is obtained by replacing
the non-identifiable terms by corresponding upper bound. O

2.7.3 k—steps convex estimator

The approach we have described in Section [2.2.2 naturally extends to using the k£ — 1 previous time

steps, yielding the weighted combination estimator:

~c ~TE ~TE
Ty =0Ty goqpq + T ogTy

which exhibits the following absolute bias bound:

Proposition 13 (Bound on the bias of 7).

E[7] — 7 7] < 2[(k = Doy + (k= 2)az + -+ ax_1] e
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As in the previous section, we can estimate aq, - -+ , ax by solving the following convex optimiza-

tion problem:

arg min a%@(ﬁ{i—kl) 4ot az@(ﬁTE)
Qo

+4[(k—1Da;+---+ ak—1]2€2
subject to ay+ o =1,

where \//a\r(f'tT_ Bt)s ,@(ﬂT EY are estimators of the associated variance terms, and are provided
in Appendix This then suggests the following plug-in estimator:

~c _ ~» ATE A ATE
Ty =Ty pyr T+ QT

We can assert stronger control over the bias of 7¢ by incorporating an additional constraint to the

optimization problem:
argmin - ofVar(7],,) + -+ af Var(7®)
Q1,0
+4[(k =114+ ap_1]’ €
subject to a1 +---+a =1,
2[(k—1Dag + (k—2)ag + - + ag_1]e < 0.

Numerical solutions for either optimization problem are straightforward to obtain using standard
numerical solvers. Variance estimator and confidence interval of 1% can be constructed in exactly

the same way as in the case k = 2.

Proof of Proposition[13

[E[7] — 7l

=Jorr oy + o ! P =

=l s apar = (L= a7
=l + -t arar ] = (a + - ap )
=l (g =7 E) (] - )
<a|rigy = B+ apalnl] -7
<2a1(k—1)e+ -+ 2ap_1€

:2[(k—1)a1+~-+ak,1]e
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We first give the optimization problem for the general case that assignments may be correlated

across time:

arg min a?@(@T_’iH) + o+ a2Var(77F)
g, O

~ - (~TE ~TE
+ 20505 E Cov(T;jti> Ti—ktj)
1<i<j<k

+4[(k—1)ay +~'~+Oék_1]2€2
subject to a3 +---+a =1,

where Var(77E ), -+ Var(77F) and (Tc;/(AtTjﬂ,%ﬁ%H) can be any estimator in Proposition
and Moreover, suppose that the assignments are independent across time, we know that

Cov(ﬁ?l Ii +i,%tT_ i +j) = 0, hence we have an even simpler optimization problem as stated in the

main text.
Derivation of the optimization problem. We first calculate the variance.
Var (7)) = Var(aﬁg_%;ﬂ 4o ot E)

= a%Var(?£€+l) 4t anar(f'tTE)

\TE ATE
+ 20,0 E Cov(Ty fti» Ti—ktj)
1<i<j<k

Suppose we want to have smaller MSE by using 7, we need to have
Var(f) + |E[#f] — 72 < Var(7]'F)
By Proposition it suffices to have

oiVar(7Zi4) + - + af Var(77)

+ 200 Z Cov (7 i 7es) (2.36)
1<i<j<k

+4[(k —Day + -+ ag_1)’ € < Var(77F)

Now, the left hand side of (2.36) is convex in aq, -+ , . O
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Estimate of € é 1.5¢ 2¢ 2.5¢ 3€
RMSE for 74 33.27 33.27 3327 33.27 33.27
RMSE for 75, k = 2 893 881 869 855 842
RMSE for 75), k = 5 512 620 711 791 864

Table 2.7: Root mean squared errors (RMSE) for 75F, 75, with k = 2 and 75, with k = 5

2.7.4 Additional simulation results for estimation under stability assump-
tion
Parameters for Erd6s-Rényi Model

For the simulation study in Section [2:4.2] we use p = 0.1 for n = 50 and then scale the probability

p accordingly for larger n so that each unit has the same expected number of neighbors.

The effect of estimated stability parameter

Recall that our € is only a lower bound of the true e, hence may underestimate €. To investigate
how our estimate of € affects the results, we fix n = 50 and generate the social network according to
Erdés-Rényi Model with p = 0.1. We generate 500 realizations of assignments and plug in €, 1.5¢,
2¢, 2.5¢ and 3¢ for three kinds of estimators considered above. Table shows the results. We see
that the convex combination type estimator with & = 2 is not sensitive to the estimate of € while
the convex combination type estimator with £ = 5 is. Even we use 3¢, two convex combination type

estimators still show better performance in terms of root mean squared error.
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Confidence Interval Network 1 Network 2 Network 3
—d
Gaussian CI with variance estimated by Var 27.38 26.62 27.02
Gaussian CI with variance estimated by Var 34.04 32.34 33.33
—d
Chebyshev CI with variance estimated by Var 62.47 60.75 61.66
Chebyshev CI with variance estimated by Var 77.67 73.79 76.04

Table 2.8: Lengths of two approximate confidence intervals for 71 ¥ with k = 2

RMSE for CVX estimators
o)
o _— Network 1
™
E— Network 2
0 |
N
E— Network 3
o |
N
L
2
r L
o |
0 - \ o)
—O0—0—0—0—0—0—0—0—0—0—0—0—0—0—0—0—=0
o -
T T T T
5 10 15 20
Time Step

Figure 2.5: Root mean squared errors (RMSE) for 7,¥ and #¢

The effect of the number of time steps

Finally, we investigate how k affects the results. We generate three different social networks, and
for each one, we plot the root mean squared errors of using 1 time step (i.e., the Horvitz-Thompson
type estimator) to 20 time steps (i.e., we use all time steps to estimate the total effect at time step
20). From Figure we can see that the RMSE curves stay flat after a certain value of k. Hence,
we do not need to worry about using too many time steps as the optimization problem intrinsically
pick the right k.
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Lengths of approximate confidence intervals

Table shows the average lengths of approximate confidence intervals. As expected, Gaussian

confidence intervals are shorter.

2.7.5 General Framework

In this chapter, we have a two-dimensional indexing set: one dimension for indexing the multiple
units, one dimension for indexing the time. This can be generalized to two arbitrary indices. For
example, each place on earth can be indexed by latitude and longitude. We can talk about causal
inference in this general case.

We start with an arbitrary indexing set A. Corresponding to each element a € A, we have an
assignment w,. Hence, there is an assignment array w = (wg)aea associated with A. For each
element a € A, we associate an exposure mapping f, : Q(A) — A with it, where Q(.A) represents
all the possible assignment arrays on our indexing set A. Note that although we restrict all the
exposure mappings (fq,)eca to have the same range, we do not restrict them to have the same
image. We adopt the potential outcome framework and associate each a € A a set of potential
outcomes {Yo(w)}weaea). Under this general setting, we have the following definition of properly

specified exposures:

Definition 20 (A-Properly Specified Exposures). We say that (f,)aca is A-properly specified if
Va € A, VYw,w' € Q(A), we have

’

folw) = fa(w) = Yo(w) = Ya(w)

In the common causal inference literature, such exposure mappings induce interference and thus
quantify our belief of the interference mechanism. On the other hand, properly specified exposure
mappings reduce the number of possible potential outcomes and hence make inference possible. Two

familiar examples are:

Ezample 5 (Traditional Causal Inference with Interference). This is the setting discussed in |Aronow,
and Samii| [2017]. Under this setting, A =Z = {1,--- ,n}, where n is the number of total units in

the experiment.

Ezample 6 (Time Series Experiments). This is the setting discussed in Bojinov and Shephard| [2019].
Under this setting, A =T = {1,--- ,T}, where we have only one unit participating the experiment

and we assign treatment or control to this unit at T time points.
The most general causal estimand we are interested in is the following exposure contrast:

Definition 21 (General Exposure Contrast). For k,k € A and Ay C A, we define the exposure
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contrast between k and k& on Ay as

T (Ao) = 7 D (Ya(k) = Ya(k))

We have two remarks here. First, this may not be well-defined for all £ and k' since the fa’s
are not constrained to have the same image. Second, some choices of Ay do not make sense. We
continue our two examples above here. For the traditional causal inference with interference, we
average over A = 7 and for time series experiment with one unit, we average over time.

Now, consider the case that A = Z; x Z, i.e., we have a two dimensional indexing set. In this
case, we have two symmetric parts of the problem: fixing i € Z; and do inference on A; = {i} x Zs,
fixing j € Z, and do inference on A; = Z; x {j}. We define two special interference structures on

two dimensional indexing sets.

Definition 22 (Purely Z;-level Interference). Vt € Z, Vw, w e Q(Z; x Iy), we have

(Wi t)ier, = (w;,t)iezl = fir(w) = fi,t(w/)

We can define purely Z,-level interference similarly. We also have two invariant properties of

exposure mappings.

Definition 23 (Z;-invariant Exposure Mappings). We say f; 4, (4,t) € I3 X I is Zy-invariant if V¢ € Zy,
Vi,i € Ty, Yw € AT, x Tp),

(Wi t)tez, = (Wyr e, = fir(w) = [y (W)

Similarly for Z,-invariant exposure mappings.



Chapter 3

Model-Based Regression
Adjustment with Model-Free
Covariates for Network

Interference

3.1 Setup

Consider a randomized experiment on n units where there is a simple undirected graph G = (V, &)
that describes the social network of interactions among n units. The graph G is associated with a
symmetric matrix A € R™ so that A;; = 1 if (¢,j) € £ and zero otherwise. Let /\/i(k) denote the
k-hop neighborhood around each node i € V. We omit the superscript when k£ = 1 and let d; denote
the degree of each node (or equivalently, d; = |AV;|). We denote by W; the random assignment and
x; € X the pre-treatment covariates for unit ;. We assume that the experimental population is the
population of interest and hence view pre-treatment covariates as fixed. We only consider binary
treatments but note that extensions to non-binary treatments are straightforward. Throughout, we
use lower case letters with the appropriate subscript for realizations of the random variables and for
non-random quantities.

We work under the Rubin causal model [Rubin| [1974], Holland| [1986], Imbens and Rubin| [2015].

For every unit 4, we associate it with potential outcomes Y;(w) € R for w € {0,1}". We are interested

56
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in the following causal estimand that we call the Global Average Treatment Effect (GATE):

T=—-Y E[V;(1) - Yi(0)]. (3.1)

Here 1 denotes the n-dimensional ones vector and similarly for 0. The GATE estimand, also known
as the Total Treatment Effect (TTE) in some work [Yu et al|[2022], measures the overall effect of the
intervention on the experimental units. Under SUTVA, the assignments of other units won’t affect
one’s response and hence there are only two potential outcomes per unit, Y;(0) and Y;(1). Under
SUTVA, the GATE is then simply the average treatment effect (ATE). When there is interference
along a network, there may be up to 2" different potential outcomes per unit. In the absence of
further assumptions, it is impossible to observe Y;(1) for some unit ¢ and also observe Y;(0) for any
other unit j.

In this work we take a regression perspective and assume two functions fy and f; such that for

each unit ¢ and each assignment vector w € {0,1}",
}/Z(w) = wifl(ia w, Tq, G) + (1 - wz)fo(la w, Ty, G) + €i, (32)

with ¢;’s being exogenous, i.e. Ele;lw] = 0. The functions fy and f; each take as input the node
label 4, the assignment vector w, the covariate vector x; and graph G. This approach uses exposure
mappings|Aronow and Samii|[2017] as functions that map an assignment vector w and z; to a specific
exposure value so that if two assignment vectors w and w’ induce the same exposure value for a
unit then they have the same value of potential outcome. Since the potential outcomes only depend
on the exposure values, we can view them as a function of exposure values and we can rewrite the
potential outcomes as in . Given , since functions f; and fj are shared across all units, we
can use the treated units to estimate f; and control units to estimate fo. Suppose fo and fl are two

estimates of fo and f; respectively, then a natural estimator of the GATE would be

SR .

r=— i, 1 i7G - '707 ’i?G .

= ;[fl(z, i,G) = fo(i,0,2:,G)
Unfortunately, estimation of the GATE will be impossible without any further assumptions on the
structure of the functions fy and flﬂ To motivate our structural assumptions on fy and f1, we look
at the following example.
Ezample 7 (Linear-in-means model). Consider the structural model Manski [1993], Moffit| [2001],
Bramoullé et al.| [2009]

y =al + Ay +yw + 0Aw + €, Ele|w] =0, (3.3)

IBasse and Airoldi[Basse and Airoldi| [2018] has a discussion from an inference perspective.
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where y is the n x 1 outcome vector, A is the degree-normalized adjacency matrix, i.e., flij = A;;/d;,

w is the assignment vector, and (a, 3,7, d) are parameters. Bramoullé et al. [Bramoullé et al.| [2009]

show that under some mild conditions on the coefficients and the graph G, we can rewrite the above
model as

y=a/1=B1+yw+(1B+0)> BAT w4+ plA e, (3.4)
j=0 j=0

Note that now the outcome is linear in the assignment vector w as well as {/Ij“w};?‘;(). Let
foli,w, 2, G) = f1(i,w,2;,G) = a/(1 = ) +yw; + (V8 +8) 372, B9 A7+l and notice that

E[> 72, 4 Aitlelw] = 0. Thus, the linear-in-means model can be written in the form of
B2).

While in this example the linear model is infinite-dimensional, the linear structure of
motivates us to look at linear models for both fy and f;. To make it formal, we make the following
definition:

Definition 24 (Linear interference). We say that the model Y = {Y;(w) : w € {0,1}",i € [n]}
exhibits linear interference if there exists a function g : [n] x {0,1}" x X x G — RX and 6, € R,
0; € RE such that fo(i,w,z;,G) = 0L g(i,w,z;,G) and f1(i,w,z;,G) = 0¥ g(i,w,x;,G). We call

each coordinate function g; of g a feature of the interference.

Despite the simplicity of linear interference, from a graph perspective it can be shown that

convolutions on graphs can be well-approximated by linear expansion [Hammond et al.| [2011]. Such

a linear interference assumption is not uncommon Deng et al|[2013], [Pouget-Abadie et al.| [2019a],

|Chin| [2019]. Chin |Chin| [2019] shows how to do inference once we have access to the oracle g while

[Pouget-Abadie et al| [2019a] give a testing procedure to detect network interference under linear

interference. Moreover, because we are interested in the quality of our estimated functions fo and f1

for (only) w = 0,1, we are effectively attempting generalization. Simple models usually generalize

well Bousquet et al.| [2004], von Luxburg and Schélkopf [2011], and thus linear interference provides

credibility of inference without losing flexibility in a world where g can be arbitrarily complex.
Before proceeding, we can simplify (3.2) somewhat. Note that

Yi(w) = wi f1(i, w, 2, G) + (1 — w;) fo (i, w, x5, G) + ¢
= wi 16,0 2y, G) 4+ (1= wi) fo(i, w70, 2, G) + ¢
= w; f1(6, w2, G) + (1 — wy) fo (i, 0w, 23, G) + ¢, (3.5)

where w(—*) denotes the n—dimensional vector that replaces w; by ¢ and ft is a function of i, w(~%,
x; and G only. Therefore, without loss of generality, we assume that the domain of g and hence the
domain of fy and f; is [n] x {0,1}"7! x X x G.

From here on, for presentational simplicity we will omit the pre-treatment covariates x; in our

discussion. Extensions to the case of including pre-treatment covariates will be discussed when not
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obvious. As a result, g is a function of the node label i, the assignment vector w and the graph G
only.

We focus on design that satisfies the following uniformity assumption:

Assumption 25 (Uniformity). We assume that W;’s are independent and Vi, P(W; = 1) = p; for
some 0 < p; < 1.

We make this assumption to follow the common practice of using Bernoulli randomization in
network experiments, e.g., Karrer et al. |Karrer et al| [2021]. As an alternative, estimates from
designs that accounts for network interference (for example, graph cluster randomization) may suffer
from sizable variance|Ugander and Yin| [2020]. Hereinafter we assume that W;’s are i.i.d. Bernoulli(p)
random variables with 0 < p < 1, i.e., we work with data from experiments under a Bernoulli design.

If we know the function g a priori, Chin |Chin| [2019] provides a complete solution. However, if
we don’t know the function g, then there are three significant challenges, all of which we address
in this work. First, how should we construct g so that the one we construct approximates the true
one? Second, suppose we have many candidate functions then how should we select among them?
Third, even if we have satisfactory answers to the first two questions, how should we do inference?

We will address the first two challenges in the next section and the third challenge later.

3.2 Model-free covariates

Now by , the function g from Deﬁnitiontakes node label 7, w(~? and G as input and outputs
a K-dimensional vector, what g essentially does is to produce K covariates based on w(~% and G
for each unit 7. In this section, we describe a sequential procedure to generate and select model-
free covariates. A high-level description of our method would be that we generate rich candidate
features based solely on the graph structure as well as the assignment vector and select among these
features based on the observed outcomes. We first give the procedure in Algorithm [2] below and then
explain the steps in more detail. We call the procedure ReFeX-LASSO as it builds on the graph
mining technique ReFeX Henderson et al.| [2011] to generate candidate features while using LASSO
Tibshirani| [1996] to select features.

ReFeX (Recursive Feature eXtraction) was originally designed to generate features for graph
mining tasks and can be viewed as a recursive algorithm that starts with base features of each node
in the graph and iteratively (i) adds and (ii) prunes features based on aggregations over features
from neighboring nodes. ReFeX can be viewed as a simple early precursor to recent methods for
graph representation learning based on graph convolution networks (GCNs) [Hamilton et al.| [2017],
Kipf and Welling [2017]. We adopt the feature generation step in ReFeX algorithm, but replace
the feature pruning part of the original algorithm by LASSO, a modification that allows us to more
precisely characterize the features that are available at any given step of the algorithm.

ReFeX has two ingredients—base features and aggregation functions. Given w, {x;}?; and
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Algorithm 2 ReFeX-LASSO

Input: Graph G = (V, &), assignment vector w € {0,1}", maximum number of iterations T'.
Output: A set of covariates S.
. Initialize S = {}, active feature set A = {}.
For each node/unit i, construct m base features and add m base features to A.
fort=1t0T do
Regress y on w and features from S and A using LASSO with no penalty on features from

S.
If no feature in A is selected, return S. Otherwise, add selected features from A to S.
Recursively construct features by performing aggregations of features in A over neighbors in
1-hop neighborhood.
Delete old features in A and add those new features to A.
8: end for
9: Return S.

e«

G, base features are those features that can be constructed by only looking at each node’s 1-hop
neighborhood. They can be arbitrary as long as they satisfy this local look-up constraint. Base
features can be purely graph features like degree, centrality, clustering coefficient, etc. They can
also be pre-treatment covariates ;. Often we would also like to have base features that depend
on not just one input of the function g but features computed from two inputs of g. For example,
features like the number of treated neighbors, which depends on both the assignment vector w as well
as the graph G. Or the average feature value over all neighbors, which depends on the pre-treatment
covariates and G. With ReFeX, the base features are chosen by the analyst. Aggregation functions
are functions that take features from neighboring nodes as inputs and output a single value. Hence,
one aggregation function essentially computes a statistic based on the sample of feature values from
neighbors. The aggregation functions again can be arbitrary and chosen by the analyst. Some
common examples include min, max, sum, mean and variance Henderson et al.|[2011].

We are now ready to introduce the ReFeX-LASSO algorithm. The ReFeX-LASSO algorithm
starts with two empty feature sets, the target set S and the active feature set A. The first set S
stores the selected features and features in S will be used for adjusting the GATE estimate. The
active feature set A contains features that were recursively added in the previous step and yet to be
selected. At the beginning of the procedure, we construct base features for each unit i. Equipped
with a set of base features, each time we regress the outcome vector y on features from both set
S and set A using LASSO. The LASSO regularization parameter can be chosen by cross-validation
and hence we do not need extra hyper-parameters of the algorithm. Note that we do not put a
penalty on features in S since they have already been selected and should be kept. The intuition
behind this step is that in general features generated later (pulling information from farther in the
graph) should not be more predictive than features selected previously. Next, depending on the
number of newly selected features, we either terminate the construction and return the current S

or add those selected features to S and proceed with the recursive construction. We then need to
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generate new features and add them to A. To do so, we now perform aggregations on old features
over all neighboring units. Finally, we add those features to A and delete all old features in A.
The maximum number of iterations in Algorithm [2| limits the distance in the graph that we can
pull information from. Although each step only performs aggregations over neighbors in the 1-hop
neighborhood, by repeatedly performing the aggregations we are able to construct features that are

informative for the k-hop neighborhood. To illustrate this point, we give an example.

Ezample 8 (ReFeX and multi-hop information). Suppose one of the base features we use in ReFeX-
LASSO is the fraction of treated neighbors,

1
JEN;

and supposed we limit ourselves to mean aggregation, i.e., we look at each unit’s neighbors and
aggregate their fraction of treated neighbors using a mean function. We call this new feature p;. We
then have that

where A and A are the same as defined in the linear-in-means model example from . Note
that the summand is 1 if and only if A;;, Aj, and wy are all 1s. In other words, if we ignore the
normalizing terms, the sum essentially represents the number of length-2 paths in G that start at
unit ¢ and arrive at a treated unit. With the normalizing terms, it is close to the fraction of such
paths among all length-2 paths that start at unit ¢. Clearly, this feature is informative for unit i’s

2-hop neighborhood.

The above example shows the power of recursion. It allows us to have access to information about
much larger neighborhoods without actually looking up all units in larger neighborhoods. In fact, the
ReFeX component of ReFeX-LASSO is very efficient in terms of computational complexity Henderson!
et al. [2011], making the procedure ideal for large-scale experiments on online platforms where
network interference is ubiquitous. Another advantage of our algorithm is that all the covariates

generated are model-agnostic or model-free—we do not generate them according to any particular
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response model (or graph model). Since the aggregation functions are arbitrary, ReFeX can quickly
generate a very large number of features, even for modest iterations budgets 7. Despite the fraction
of treated neighbors we just saw, we are also able to get the number of treated neighbors for each unit
by using sum as the aggregation function. In general, using more complicated aggregation functions
yields more complicated features. Thus, the recursive step offers rich features for each unit.

With minor modifications we can see that all pruning steps in our procedure can be grouped
together and done ex ante, i.e., before running the experiment and observing the outcomes. Then,
after the experiment, we use the observed outcomes to select covariates among all the covariates we
have generated. This method has certain advantages, so for completeness we give such a modified
version of ReFeX-LASSO below in Algorithm [3] calling it post-ReFeX-LASSO.

Algorithm 3 post-ReFeX-LASSO

Input: Graph G = (V, &), assignment vector w € {0,1}", maximum number of iterations 7.
Output: A set of covariates S.
. Initialize S = {}.
: For each node/unit i, construct m base features and add m base features to S.
:fort=1toT do
Recursively construct features by performing aggregations of features in S that were added
in the previous iteration over neighbors in 1-hop neighborhood.
Add those newly constructed features to S.
: end for
: Regress y on w as well as features from S using LASSO.
: Keep selected features in S and remove other features from S.
: Return S.

=W N

An operational advantage of post-ReFeX-LASSO is that two parts of the algorithm, feature
generation and selection, can be done separately. However, in practice we find that post-ReFeX-
LASSO leads to estimates with larger variance. Our explanation for this increased variance is
two-fold. First, since the number of features generated from ReFeX may be large, separating the
generation step and the selection step seems to make the selection step unstable. Second, many of
the features generated along the way of post-ReFeX-LASSO are correlated and including all of them
simultaneously leads to greater uncertainty in terms of features being selected. Hence, it leads to
estimates with larger variance and we recommend ReFeX-LASSO over post-ReFeX-LASSO in all

use cases when operationally feasible.

3.3 Inference with model-free covariates

In the previous section, we gave a sequential procedure that outputs a set of covariates S that
can be used for regression adjustments when estimating GATEs. This section devotes to inference
with model-free covariates. We first discuss how to use model-free covariates returned from ReFeX-

LASSO or post-ReFeX-LASSO to do regression adjustment. Following that, we show one selection
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property of ReFeX-LASSO. We then give theoretical properties of regression adjustment estimator
of the GATE using model-free covariates as well as a simple way to construct confidence interval for

T.

3.3.1 Estimation

Let u}, - ,uX denote the K covariates returned by ReFeX-LASSO or post-ReFeX-LASSO for unit
i and let u; = [ul, - ,ulK]T € RX be the whole feature vector for unit i. We further let § be the
function that maps (i, w, z;, G) to u; for each unit i. Finally, we denote by n. the number of control
units and n; the number of treated units with n. + n; = n.

To estimate the GATE, we fit two linear models on control and treated units using u;’s. Ideally,
we hope that there exist vectors By, 31 such that B u; and 87 u; are good approximations of f; and
f1. To be specific, we first run an ordinary least squares with observations that are from the control
group only and obtain Bg. We then run ordinary least squares again, but now with observations
that are from treatment group only and obtain ;. Meanwhile, the features u; are all features under
the treatment assignment w for which the responses were collected. To estimate the GATE, we are
interested not in the response under u; as it was, but u; as it would be if w = 0 or w = 1. We
thus pass 0 and 1 to § to obtain the feature vectors u)“ and u?t under global control and global
treatment, respectively.

Combining the coefficient estimates 3; and fy with the vectors u?® and u?*, our estimate of the
GATE is then simply

A~ 1 " A A c
= Z( Tugt — gTud¢). (3.6)

Though assuming a linear model is restrictive, as we discussed previously, if we are able to generate
predictive features then the linear model can be a good approximation to the true model. ReFeX-
LASSO or post-ReFeX-LASSO helps us choose good features to adjust for and thus both reduce the

variance of the estimateﬂ and reduce the bias we typically incur when ignoring interference.

3.3.2 Selection properties

Before we delve into inference details, we first discuss selection properties of ReFeX-LASSO, drawing
inspiration from prior work on Sequential LASSO [Luo and Chen| [2014]. To this end, we introduce
some additional notation. For each iteration ¢, let {uf,ub,--- ,uf } be the set of features generated
in the ReFeX step of ReFeX-LASSO and s,; be the selected features at the ¢-th iteration (note
that s,; may contain features that were selected in previous iterations and thus are not in the set

{ul,ub,--- ,ui }). Moreover, we let R(s) to denote the space spanned by features in s.

2In fact, in the case of no interference, Lin [Lin| [2013] shows that doing linear adjustment can only improve the
precision.



3.3. INFERENCE WITH MODEL-FREE COVARIATES 64

Proposition 14. Fort > 1 and any j € {1, ,i¢11}, if u§-+1 € R(s4t) then j & sy(s41)-

This first proposition implies two things. First, we have a full rank design matrix at each
iteration. Second, the subsequent selection will disregard the features that are highly correlated with
the existing ones and hence provides intuition for why the post-ReFeX-LASSO leads to estimate with
high variance. Without the sequential procedure of (non-post-) ReFeX-LASSO, two highly correlated

features may enter the selection stage together.
Proposition 15. Our selection is nested in the sense that s,q1 C Sy C -+ C Syr.

This second proposition is relatively self-explanatory and ensures that the sequential procedure
actually provides nested feature sets, i.e., by excluding penalties on selected features, we are able to
keep them in our feature set S. Though our selection procedure in ReFeX-LASSO is quite different
from Sequential LASSO |Luo and Chen|[2014], the proofs of the above two propositions are analogous
to those in [Luo and Chen| [2014]. There are two key differences between our selection procedure and
Sequential LASSO. First, instead of keeping all the features for every iteration, we throw away non-
selected features in previous iterations. Second, the features under consideration at each iteration are
newly generated features rather than existing features. Put another way, we find that the analysis in
Luo and Chen| [2014] is robust to such a change in procedure. Note that Sequential LASSO can be
used for post-ReFeX-LASSO (but not ReFeX-LASSO) since for post-ReFeX-LASSO we generate all
the candidate features in advance. These two propositions together establish two intuitive properties

of our selection step in ReFeX-LASSO that we should expect to hold for our purpose. Their proofs
can be found in Appendix

3.3.3 Consistency

We now prove that post-ReFeX-LASSO leads to a consistent estimator of the GATE under standard
assumptions one would require for consistency of LASSO. For each unit i, we denote the set of
features generated by the ReFeX step in post-ReFeX-LASSO as {u},--- ,uM}. We drop the subscript

i when we refer to the jth feature vector, i.e., w/ = [u],--- ,ul]T. Furthermore, we assume that

there exists a subset S, C {ul,--- uM} with |S.| = s such that both fy and f; are linear in features
in S, with coefficient vectors By and [y respectively. Finally, we denote the design matrix when

estimating 8y by U° and the design matrix when estimating 3, by U'.
Theorem 26. Suppose that there exists a constant C > 0 such that

[P
LB
j:rlr,l?}fM N G,
and the two design matrices U° and U' satisfy the (k;3)-RE condition over S, then 7 is consistent

for T.
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A proof of Theorem [26appears in Appendix[3.7.1]and uses mostly standard tools for the study of
LASSO /5-error bounds [Wainwright| [2019]. The restricted eigenvalue (RE) condition in Theorem [26]
is a standard assumption when proving fs-error bound on the coefficient vector. It restricts the
curvature for a specific subset of vectors in the Euclidean space. It is defined as follows Bickel et al.
[2009], van de Geer and Biihlmann| [2009], Raskutti et al.| [2010]

Definition 27. The matrix X satisfies the restricted eigenvalue (RE) condition over S with param-
eters (k; a) if

1

E”XAH% > k||A|2 for all A € C,(9),

where C,(9) == {A € R4 |||Ase|1 < af|As]1}

Under the assumptions of Theorem we are now able to prove GATE consistency under
LASSO-based feature selection in at least simple settings such as the following, an example setting

where our feature generation procedure outputs two simple features.

Proposition 16. Suppose we run a Bernoulli randomized experiment with treatment probability
0 < p < 1 and we only generate two features, the fraction of treated neighbors p; and number of treated
neighbors v;. Furthermore, suppose the graph G consists of disjoint cliques of size 3 < m., < M (m,
is the size of the c-th cluster) for some positive constant M > 3. If the true fo and f1 are only linear

in p;, then T is consistent for T.

The lower bound on m, is for identifiability since when all clusters have size 2 then p; and v; are
essentially the same and we end up with completely duplicated features. Notice also that when all
m.’s are equal, we end up with perfect co-linearity so in that case we wouldn’t consider distinguishing
between these two features. While the above result applies only in a simple setting, it is of its own
importance. In practice, it is not uncommon to adjust for fraction of treated neighbors and report
the resulting estimate as the estimate of the GATE [Saint-Jacques et al.[2019], Karrer et al.| [2021].
The above proposition shows that when we only want to distinguish covariates between fraction of

treated neighbors and number of treated neighbors, LASSO is a handy tool.

3.3.4 Confidence interval via a block bootstrap

Researchers are usually not just interested in a point estimate of the GATE, they also want to know
the uncertainty contained in the estimate, e.g., through confidence intervals. ReFeX-LASSO brings
flexibility in doing regression adjustment for GATE estimation, but there is no free lunch and it also
brings us difficulty in doing inference, i.e., in constructing confidence interval for 7. First, unlike
Chin| [2019] where one assumes an oracle model, here the true model is unknown. Second, features
constructed in |Chin| [2019] do not use the observed outcomes. With ReFeX-LASSO, though all
the features constructed from ReFeX do not use the outcomes, our selections of covariates depend

on the realized outcomes. Therefore, ReFeX-LASSO leads to an estimator with no clear variance
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expression. Moreover, since our final estimate depends on the actual selected covariates, we require
some technique analogous to post-selection inference as in [Lee et al| [2016]. Lee et al. [Lee et al.
[2016] consider confidence intervals of coefficients conditional on being selected by LASSO. Yet we
are interested in the confidence interval of 7, not the coefficients, where our estimate 7 is calculated
based on the estimated coefficients as well as selected covariates. Because of the combination of
these complexities, we are not able to simply import any known results for inference in this setting.

Let us consider the nature of the inference problem we are facing. In general, the randomness
of our estimate is incurred not just by the randomness of the potential outcomes but also by the
randomness of the assignment vector. To construct the confidence interval, we need to quantify how
these two resources of randomness affect our estimate of the GATE. Note that since we know the
distribution of the assignment vector, the distribution of a given feature is in fact known. What we
don’t have a good characterization of is the randomness of the selection procedure incurred by the
randomness of the assignment vector. In other words, we require understanding how the random
assignments affect the feature selection procedure.

To tackle this complication, we introduce a way to construct confidence intervals based on a block
bootstrap. Ideally if we can do the experiment infinitely many times, we could run 2" experiments
and calculate 2™ estimates of the GATE. A confidence interval for 7 could then be derived easily.
Our obvious difficulty is then how should we use one single sample to approximate the sample
randomness. We turn to the block bootstrap [Efron| [1979], [Efron and Tibshirani| [1994], |Cameron
et al| [2008]. The intuition of this usage is that features of units are correlated according to the
particular graph structure of G and hence by sampling clusters (which we expect to be relatively
disconnected) we are able to keep the bootstrap sample looking like the original sample. On the
other hand, resampling units will fail as it cannot replicate the underlying correlation structure in the
data. Though we do not provide theoretical guarantees, we will show that in practice the coverage
is good and the resulting confidence intervals are of reasonable width. We also note in passing that
recent results in [Kojevnikov| [2021] demonstrate that there is a version of block bootstrap that does

provide theoretical guarantee for certain highlu stylized network processes.

Ezample 9. Consider the case where our social network G consists of C' disjoint cliques Cq,--- ,C¢
of size m. Units are fully connected within each clique. This setup can be viewed as a special
case of the household experiment studied in [Basse and Feller| [2018]. In such a case it is natural to
consider sampling all C' cliques with replacement to get a bootstrap sample. For network dependent
processes satisfying certain technical assumptions, this sampling process is the correct thing to do
using arguments in [Kojevnikov| [2021]. Suppose we have a network dependent process {Y;,, G,,} that
satisfies assumptions in [Kojevnikov| [2021]. To make block bootstrap consistent, i.e., producing a
confidence interval that is consistent in level, Assumption 4.1 in [Kojevnikov| [2021] needs to hold. We

first introduce some notations used in [Kojevnikov| [2021]. Let N, (¢; s) denote the open neighborhood
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of radius s > 0 around i € N, i.e,
Nn(Z,S) = {.] €N, : dn(l,]) < 5}
We define the following aggregate measures of the network denseness:
-1 . .
= Ny (2 1 D = Ny (2; 1.
dn(s) :=mn ;V: [Nn(iss + 1], Dn(s) = max [N (i; s +1)]

Moreover, let
Anlsik) = = 3 [NaGiss + 1) |5 (s)]",
iEN,
which is the k-th absolute central moment of the sizes of the (s + 1)-neighborhoods. It is easy to
verify that in our case, §,(s,) = m, Ap(sn,2) =0, and D, (s,) = m for Vs, > max.diam(C.), since
our graph consists of non-overlapping blocks with equal size m. Now, we let

. Ny, (480 + 1) N Ny, (55 80 + 1)
Wn(lvj) ::| 5 (S ) ( |

Then,

1 if ¢ and j are in the same cluster,

wn (4, J) =

0 otherwise.
and wy,(j) = wn(4,4) =1 for all j € [n]. With these values, we immediately see that the Assumption
4.1 in [Kojevnikov| [2021] holds as long as m = o(n). Since the only remaining assumptions needed
to make block bootstrap consistent are about the network dependent process itself, we can conclude
that block bootstrap would be valid in this toy model for network dependent processes given in
Kojevnikov] [2021].

We present two versions of block bootstrap here, one for regression adjustment with post-ReFeX-
LASSO and one for regression adjustment with ReFeX-LASSO. Before actually giving the two block
bootstrap procedures, we first introduce the key ingredient in our block bootstrap procedure, a
randomized graph clustering algorithm. Our block bootstrap procedure involves partition the graph
into several clusters. The generic algorithm we use is k-hop-max clustering Ugander and Yin| [2020],
a simple adaptation of the CKR partitioning algorithm Calinescu et al.| [2005]. The details are shown
in Algorithm [l The algorithm provides a random clustering of the graph that depends on random
initial conditions. The algorithm is light in computation when & = 1 as we only need to look at
one’s direct neighbors. Also, it returns neighborhood-like clusters. As a remark connecting back to
above example, if our graph consists of disjoint fully connected clusters then 1-hop max clustering
is able to return exactly these clusters as final output. In general, when k£ > 1, we obtain larger

clusters that are centered around fewer nodes.
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Algorithm 4 k-hop-max graph clustering

Input: Graph G = (V, E).
Output: Graph clustering Cy,-- - ,C. where each C; contains a collection of nodes.
: for i € V do
X; Z/{(07 1);
end for
for i € V do
i < argmax([X; for j € By(¢)]) where By(4) is the k-hop neighborhood of node i (including
itself);
end for
7: Return Cq,--- ,C..

=

We first present the block bootstrap procedure for post-ReFeX-LASSO, given in Algorithm
With post-ReFeX-LASSO, the bootstrap procedure is simpler since the feature generation and selec-
tion part are separated. Unlike the usual bootstrap where we sample random individual units with
replacement, here we sample random clusters from the graph clustering algorithm with replacement.
The intuition is that features u; of units are correlated according to the particular graph structure
of G and hence by sampling clusters, which we expect to be relatively disconnected, we are able
to keep the bootstrap sample “looking like” the original sample. As a specific caveat, though in
expectation the bootstrap sample has sample size n, if we do not have uniformly sized clusters,
then the bootstrap sample may end up with much larger or smaller sample size. Hence we run the
graph clustering algorithm [ times and for each clustering we run block bootstrap with the number
of bootstrap replicates B. We use k = T™* 4 1 for k-hop-max clustering in Algorithm [5| where T is
the number of iteration where there were features still got selected (since if no feature got selected
in the (T* + 1)-th iteration then interference should happen within (T* + 1)-hop neighborhood).

Next we present the version of block bootstrap with ReFeX-LASSO, given in Algorithm [6} Note
that we cannot simply use the same algorithm since it performs feature generation and feature
selection concurrently. Compared to Algorithm [5] 7* now represents the stopping time of ReFeX-
LASSO. Meanwhile, similar to Algorithm|[5} the bootstrap sample is only used in the feature selection
step of ReFeX-LASSO. That being said, for each iteration, we still use the same graph G to generate
features but then we use the bootstrap sample of these features to do selection. The intuition behind
using the original graph is that we view the graph as fixed and the correlation structure of all features
are then induced by this graph. Therefore, we do not paste all sampled clusters together to form
a new graph to generate features for next iteration. On the other hand, if we do believe that the
graph is generated from some random process then we may also reconstruct the graph from sampled
units by pasting all sampled clusters together.

In the above two algorithms, we utilize a randomized graph clustering algorithm that can be
easily implemented. Of course, this is not the only possible choice for the graph clustering algorithm

one can use. We note by passing that there are many graph clustering algorithms available for
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Algorithm 5 Block bootstrap for post-ReFeX-LASSO

Input: Graph G = (V, &), assignment vector w € {0,1}", number of bootstrap samples B.
Output: Confidence interval for 7.

1: Collect the assignment w;, features u}, -, uM in S generated before running LASSO, outcome
y; for each unit 7. Record the maximum iteration number 7™ where one of the features generated
at that iteration was selected.

2: for r=1to { do

3 Use k-hop max clustering algorithm with k& = 7™ + 1 to divide n units into C clusters

Cla e 7CC'
: for b=1 to B do
Sample C clusters with replacement from Cq,---,Cc.
6: Construct the b-th bootstrap sample (w®, ub?, .- uM-® 4®) with units from sampled clus-
ters.
Regress y on w as well as M features using LASSO.
8: Compute the estimate 7% using selected features and the bootstrap sample.
9: end for
10: end for
11: Compute the «/2-th quantile q;/Q and the (1 — «/2)-th quantile q{_a/Q of the sample of all

bootstrap estimates 71, - - , 7B,

12: Return [q:;/wqf—ap} as the (1 — ) x 100% confidence interval for 7.

practitioners |Nishimura and Ugander| [2013], |[Spielman and Teng| [2013], [Awadelkarim and Ugander
[2020], [Shi and Chen| [2020] that exhibit various properties.

We conclude this section with a discussion of how to suitably choose the sizes of clusters. We
consider three scenarios and show why they may fail with heuristics from Kojevnikov| [2021]. Though
we are not considering the same problem as in [Kojevnikov| [2021], given that we have a more
complicated setup, we do not expect that weaker assumptions than those in [Kojevnikov| [2021]
would be sufficient for good coverage in our case. Therefore, we view assumptions in |[Kojevnikov:
[2021] as what we should expect to have in order to make our block bootstrap consistent.

The first scenario that we consider is when we have O(n) clusters with non-constant sizes. Then
the second absolute central moment of block sizes may be non-vanishing as n — oo but the average
block size is O(1). This implies that unless the clusters are relatively uniform, there would be a
violation to Assumption 4.1 in [Kojevnikov| [2021]. As a second scenario, consider the case when we
have O(1) clusters. Now the maximum block size must be of order O(n) and the average block size
is at most O(n), hence Assumption 4.1 in [Kojevnikov| [2021] is certainly violated. In general, we
don’t want to have too many clusters or too few clusters. Finally, then, consider a scenario where
we have y/n — 1 clusters of size v/n and +/n clusters of size 1. Now the average block size is of order
O(n'/?) and the second absolute central moment of block sizes is not of lower order, which implies
that the ratio does not vanish as n — 0 and again Assumption 4.1 in [Kojevnikov| [2021] is violated.
This last example shows that the cluster sizes are not simply a matter of avoiding too big/small

or few/many clusters, but instead here we see we cannot have two groups of clusters with different
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Algorithm 6 Block bootstrap for ReFeX-LASSO

Input: Graph G = (V, &), assignment vector w € {0,1}", number of bootstrap samples B.
Output: Confidence interval for 7.
1: Collect the assignment w; and outcome y; for each unit i. Record the stopping time for ReFeX-
LASSO T*.

2: Use k-hop max clustering with £k = T + 1 to divide n units into C clusters Cy,--- ,Cc.

3: for r=1to { do

4: for b=1to B do

5: Sample C clusters with replacement from Cy,---,Cc.

6: Construct the b-th bootstrap sample with units from sampled clusters.

7 Rerun ReFeX-LASSO with the original sample for feature generation and the bootstrap
sample for feature selection.

8: Use the covariates returned from last step as well as the bootstrap sample to get estimate
of 7, 70,

9: end for

10: end for

11: Compute the «/2-th quantile q;/2 and the (1 — a/2)-th quantile qi‘fa/Q of the sample of all

bootstrap estimates 71, - -- , 7¢B.

12: Return [QZ/g’qLa/z} as the (1 — «) x 100% confidence interval for 7.

size magnitudes. In summary, the advice is to use a reasonable number of clusters that have sizes
of roughly the same magnitude. What we present in Algorithm [5] and [6] are good default choices if

the network is not very dense.

3.4 Simulation experiments

In this section, we use simulations to provide both empirical guidance on our method when theory
is lacking and empirical evidence of the usefulness of our method. We make use of the Facebook
100 dataset [Traud et al|[2012] of real-world social networks. The networks in this dataset are com-
plete online friendship networks for one hundred colleges and universities collected from a single-day
snapshot of Facebook in September 2005. For our simulations we use the network of Swarthmore
college students, being of modest size. We extract the largest connected components of the Swarth-
more network, obtaining a social network with 1,657 nodes and 61,049 edges. The diameter of the
network is 6 and the average pairwise distance is 2.32. Since this network is quite dense, estimation
of the GATE would be very difficult when interference is strong. We use this network to demon-
strate that even for such a network, we are still able to get relatively good estimates from (post-)
ReFeX-LASSO.

We generate an assignment vector using a Bernoulli design with success probability 0.5 and gen-
erate outcome variables according to certain models with varying magnitude of network interference;
these models are summarized in Table B.1] and We will discuss in detail about these outcome



3.4. SIMULATION EXPERIMENTS 71

models in Section Our simulations can be viewed as semi-synthetic experiments—we use a
true social network but we generate outcomes according to specified models.

Section [3.4.1] introduces the baseline estimators that we compare with in our simulations. Sec-
tion discusses the outcome models that we use for generating the outcomes with various degree
of interference. Section [3.4.3| compares the regression adjustment estimator using model-free covari-
ates with those commonly-used estimators in practice as in Section and demonstrate that it
has good performance in terms of root mean squared error. Section explores the empirical
performance of the confidence interval constructed via block bootstrap and discusses some practical

aspects in the procedure.

3.4.1 Estimation of the GATE

Our ultimate goal of constructing model-free covariates is to use them in GATE estimation. We
first explore the empirical performance of the regression adjustment estimator using model-free
covariates. Specifically, we compare it with two kinds of estimators that are commonly used in
practice: (i) the difference-in-mean estimator and (ii) a Héjek estimator under a network exposure
model|[Manski|[2013]. Difference-in-mean estimator calculate the difference between average outcome

among treated units and average outcome among control units:

1 " 1

~DM

= =7 YW, — =5~ Y (1 —-W;).
T Zi:1 VI/,, Zz:; 3 (3 21:1(1 . Wz) 12:; 1( Z)

Obviously this estimator ignores interference and will thus incur large bias when interference is
significant.

The basic Hajek estimator for the ATE is defined as
> iy YiWi/P(Wi = 1) 2o Yi(l — W5) /P(W; = 0)

Y Wi =1)/P(Wi =1) 3L, I(Wi = 0)/P(W; =0)

7A_Hajek —_

Here we will consider a version of Hajek estimator that accounts for interference. Manski [Manski
[2013] studies identification of potential outcome distributions under interference. One concrete
example is when one’s outcome only depends on one’s own assignment as well as the distribution of
assignments for his/her neighbors. Ugander et al. [Ugander et al.|[2013] further considers a fractional
exposure model where it is assumed that if one is treated and a ¢ > 0.5 fraction of one’s neighbors are
treated then one’s outcome is equal to the potential outcome associated with the assignment vector
1. Similarly, in this exposure model if one is not treated and one’s fraction of treated neighbors is

at most 1 — ¢ then one’s outcome is equal to the potential outcome associated with the assignment
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vector 0. Formally, Vw,w’ € {0,1}", this fractional exposure model assumes:

1

and
1
wi=0,—— > w; <1—q = Yj(w) =Y;(0).
Vil &
JEN;
We can then use a Héjek estimator that corrects for the probability that these conditions are met
under a Bernoulli design. Specifically, we define the events Eil’q ={W, =1, ﬁ Zje/\a w; > ¢} and
ElQal—q ={W; =0, ﬁ Zje ~; Wi < 1—q}. The corresponding Héjek estimator under a fractional

exposure model is then

g _ iy VIBL)/B(ELY) Y, V(1) /B(EYY )
w0 T S BN REN) S WET RE )

(3.7)

This estimator accounts for interference by taking the assignments of direct neighbors into con-
sideration. If we still assume local interference in the sense that only one’s direct neighbors can
impact one’s response but want a fully agnostic setting then we could choose ¢ = 1 (notice that in
this case the Hajek estimator is consistent). In our case, the number of neighbors one has is usually
quite large and under independent Bernoulli assignment we wouldn’t expect to observe many units
with all neighbors being treated or not treated. As a bias-variance compromise, we choose ¢ = 0.8.

Finally, we also compare our (post-) ReFeX-LASSO regression adjustment estimator with two
linear regression adjustment estimators that adjust for specific features. We will describe these
two estimators in detail later when we present the simulation results in Section [3.4.3] For post-
ReFeX-LASSO and ReFeX-LASSO, we choose T' = 2 and the base features to be fraction of treated
neighbors, number of treated neighbors, fraction of edges in neighborhood that connects a treated
unit and a control unit and also fraction of edges in neighborhood that connects a treated unit
and a treated unit. For aggregation functions in (post-) ReFeX-LASSO, we use both the mean and

variance.

3.4.2 Outcome models

Here we describing the outcome models we use in our simulation study. We carry forward the
notation as in Proposition using p; to denote the fraction of treated direct neighbors for unit 4
and v; to denote number of treated direct neighbors.

We first consider estimation under linear interference. The first model is a linear model in both

number of treated neighbors and fraction of treated neighbors. Such model is also considered in
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Pouget-Abadie et al.| [2019a] and |Chin| [2019]. Specifically,
fo(w, G) = ag + &opi + Yovi (3.8)

and
fi(w,G) = a1 + &1pi + v (3.9)

The difference a; — ap can be viewed as the primary effect of the treatment and coefficients (£, Vu)
for w = 0,1 govern how the unit respond to treatment and control, respectively. In particular, if
&w = Yw = 0 then there is no interference and we are back to usual setup of ATE estimation under
SUTVA. Note that for this model, there is no interference beyond the 1-hop neighborhood and hence
the estimation problem is considerably easier. We will refer to this response model as simple linear
interference.

Building on the discussion of the linear-in-means model in the introduction, we also consider a
response model where the interference propagates out to k-hop neighborhoods for & > 2. This model
can be viewed as a truncated linear-in-means model; instead of summing up to infinity, we truncate

the model at j = J for some number J > 1.

Model type (ag, 1) (6o,¢1) (70,71)
Model0  (0,2) (0, 0) 0, 0)
Model 1 (0,2)  (1,1.5) (0.005, 0.0025)
Model2  (0,2)  (1,2)  (0.005, 0.01)

Table 3.1: Parameters of simple linear interference outcome model ((3.8) and (3.9)) used in simula-
tion experiments.

Model type o« B v J
Model 3 1 5 2 2
Model 4 1 5 3 2
Model 5 1 5 1 3
Model 6 1 5 2 3

Table 3.2: Parameters of truncated linear-in-means outcome model used in simulation experiments.

Overall we consider the following model configurations of linear interference. Table [3.1] and [3:2]
summarize the configurations of the models we consider for simulations. Note that model 0 exhibits
no interference. For all models, the error terms are independently normally distributed with variance
1. The true GATE in these outcome models (either by an exact calculation or by a Monte Carlo

estimate on the Swarthmore network) are 2, 3.69, 4.74, 15, 20, 15 and 35 respectively.
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Beyond linear interference, we also examine a slightly more complicated scenario where linear
interference is violated. In particular, we consider fy and f; that are nonlinear in p; and v;. The
nonlinear functions we use are sigmoid-type so that it is hard to approximate by any linear modefﬂ
We use the Monte Carlo estimate, 9.55, as the true GATE when reporting the simulation results.
Our purpose here is to show that even if we have nonlinear fy and f; which violates our linear
interference assumption, our method still leads to an estimator with reasonable performance. This
also echos our previous discussion. In GATE estimation, we are always predicting for a data point

that is outside the range of our observed/training data and hence a simple model can be quite

reliable.
Estimator #PM 708  #i.. Aum  post-ReFeX-LASSO ReFeX-LASSO  7oracte
Model 0 0.05 076 024  0.07 0.50 0.32 0.05
Model 1 1.53  1.02  0.36  1.22 1.54 0.70 0.25
Model 2 2.06 141 047  1.49 1.49 0.59 0.24
Model 3 10.02  3.84  0.37  9.86 1.08 0.93 0.37
Model 4  15.02  5.60  0.56 14.72 1.68 1.59 0.56
Model 5 9.92  6.61 453  9.82 1.38 1.73 1.98
Model 6 29.67 22.31 1822 29.46 2.42 2.47 4.45

Table 3.3: RMSE of estimators of the GATE assuming linear interference (simple linear interference
and truncated linear-in-means) outcome models.

Estimator #PM A Ao faum post-ReFeX-LASSO  ReFeX-LASSO  foracte

Model 0 0.004  0.120 0.021  0.009 0.106 0.042 0.004
Model 1 -1.53 -0.68  -0.25  -1.22 -0.72 -0.004 -0.05
Model 2 -2.06 -1.16 -0.39 -1.48 -0.56 -0.29 0.008
Model 3 -10.02 -3.67 -0.01 -9.85 0.28 0.19 -0.01
Model 4  -15.02 -5.46  0.003 -14.72 0.36 0.31 0.03
Model 5 -9.92 -6.55  -4.52  -9.82 -0.01 -0.24 0.68
Model 6  -29.67 -22.28 -18.21 -29.45 -0.21 -0.31 2.77

Table 3.4: Empirical bias of estimators of the GATE assuming linear interference (simple linear
interference and truncated linear-in-means) outcome models.

3.4.3 Simulation results

We study both the bias and the root mean squared error (RMSE) of each estimator under these varied
models. TableB.3land Table 3.4l show the RMSE and bias of several different estimators under linear
3We document this model in the Appendix m




3.4. SIMULATION EXPERIMENTS 0]

interference. In these two tables, we show results of two kinds of regression adjustment estimators.
Terac 18 the regression adjustment estimator that adjusts for the fraction of treated neighbors and
Trnum adjusts for the number of treated neighbors. They are also considered in |Chin| [2019]. We also
show the oracle adjustment estimator 7yracle as a reference, which marks the best we can do with
full knowledge of the response model. Note that in some cases other estimators can perform better
than the oracle since the oracle adjustment estimator only means we use oracle control covariates.
The covariates are inevitably random and we are not averaging over all possible assignment vectors.
Moreover, for the truncated linear-in-means model, the true covariates are highly correlated, causing
the oracle adjustment estimator to have a large variance. Finally, 7P™ and %(If gjg’l; refer to the simple
difference-in-mean estimator and the Héjek estimator in Equation with ¢ = 0.8 as we mentioned
earlier.

First, if we look at the results for Model 0, i.e., when there is no interference, post-ReFeX-LASSO
and ReFeX-LASSO all give better performance compared to the Hajek estimator. Second, for Model
1 and Model 2, the true interference mechanism is simple linear interference. As we can see from
the first two rows of Table and Table if we fail to account for one feature, the bias and/or
the RMSE can be large. Also, ReFeX-LASSO is dominating post-ReFeX-LASSO with significantly
lower bias and RMSE since for this case ReFeX-LASSO is able to stop considering further features
after the first iteration. For Model 36, the underlying model is a truncated linear-in-means model
and the only difference between them is the stopping number J. For the models with J = 2 (Models
3 and 4), the interference is still local, i.e., within one’s direct neighbors, but for J = 3 (Models
5 and 6), it is crucial to consider information from 2-hop neighbors. Our simulation results verify
this intuition. We see that 7g,c is doing well for model 3 and 4 but very poorly for model 5 and
6. Both post-ReFeX-LASSO and ReFeX-LASSO lead to estimators with relatively small bias and
small RMSE for these more challenging response models.

Turning to the nonlinear model, Table below shows our results there. In this case, Tfac
and Thum represent the same regression adjustment estimators as in the linear case. Compared to
difference-in-means and Héjek, ReFeX-LASSO leads to estimator with much better performance.
Also, based on the comparison of Tgac, Tnum and ReFeX-LASSO, we see that, as in the linear
interference case, even if we happen to adjust for some feature that is of importance, failing to take
all relevant features into account will lead to estimators with either large bias, large variance, or
both. In other words, ReFeX-LLASSO helps one choose which set of features to adjust for and hence
incur much smaller bias or variance.

From these simulations we take away that ReFeX-LASSO is able to identify influential features
for regression adjustment and hence produce an estimator with relatively good performance across
many model specifications. We also see that ReFeX-LASSO generally, though not always, performs
significantly better than post-ReFeX-LASSO. This is due to the fact that we select features se-

quentially and hence reduce the variance. In contrast, a standard regression adjustment estimator
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Estimator #PM 215 hac Fuum  post-ReFeX-LASSO  ReFeX-LASSO
Bias  -5.54 -2.72  -1.56 -2.72 1.29 1.33
RMSE 555 373 192 273 5.68 2.75

Table 3.5: RMSE and empirical bias of estimators of the GATE assuming a nonlinear interference

(Appendix [3.7.2)) outcome model.

considered in (Chinl [2019] for some network features (7gac and Tpum in our simulations) can be far-off
if we fail to choose the right feature. Finally, exposure mapping based estimator like the fractional-
exposure-Hajek estimator can also be pretty bad if we have interference that is quite different from

the assumptions of the exposure model that such estimators assume.

3.4.4 Confidence interval for the GATE

In Section we introduced a way to construct a confidence interval for 7 via a block bootstrap
and gave an explicit algorithm for graph-based block construction. We now evaluate the empirical
coverage of the resulting confidence interval from our block bootstrap. Throughout this section,
we focus on 90% confidence interval for 7. Instead of using the Swarthmore College network as in
the previous section, we use the farmer network in |Cai et al| [2015] where we have a larger and
sparser network compared to the Swarthmore College network. In fact, the average size of 2-hop
neighborhoods in Swarthmore network is 1092.65 and the average size of 3-hop neighborhoods in
Swarthmore network is 1622.27. Hence, if we believe that interference is beyond 1-hop neighborhood,
bootstrap will not perform well on such a dense graph since it is hard to create bootstrap samples
that respect the structure in the original sampleﬂ On the other hand, the farmer network in|Cai et al.
[2015] is less dense with 2-hop neighborhoods having an average size 23.95 and 3-hop neighborhoods
having an average size 41.49. We will introduce in more details about the background and the details
of this network in Section In general, if the network is too dense to produce well-isolated and
balanced clusters then the bootstrap would fail. One thing to notice is that the farmer network itself
is associated with a natural clustering based on which village the each farmer lives in, namely, each
village can be viewed as a cluster in the network. In our simulations here, we thus also show the
results of constructing the confidence interval with block bootstrap of ReFeX-LASSO that uses this
“oracle clustering” of villages. Finally, since we have a sparser network (making interference easier
to manage), we consider two different sets of parameters for linear models that make the effect from
number of treated neighbors larger (and thus GATE estimation harder). Table shows the values
of the parameters, loosely based on Model 2 (thus named 2a and 2b)

We first evaluate the effectiveness of such a bootstrap method. We assume linear interference and

4We found that the block bootstrap still gives near to nominal coverage on Swarthmore nwtwork when interference
is local, i.e., within direct neighbors.
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consider Model 3-6 as well as Model 2a and 2b. We fix £ = 3, B = 100 and the coverage is calculated
by repeating the whole process 100 times. Table [3.7] and [3.8] show the coverage and the average

Model type (ao,a1)  (§o0,&1) (70,71)
Model 22 (0,2)  (1,3) (0.01,0.025)

Model 2b (0, 2) (1,3)  (0.05, 0.15)

Table 3.6: Additional parameters of simple linear interference model ((3.8) and (3.9)) used in simu-
lation experiments.

length of the confidence intervals constructed from our block bootstrap of post-ReFeX-LASSO and
ReFeX-LASSO. To show the necessity of using block bootstrap and of considering the randomness
of the assignment vector, we also include the result of constructing confidence interval using a naive

bootstrap where we just sample each unit with replacement.

Model post-ReFeX-LASSO ReFeX-LASSO Naive Bootstrap Bootstrap with oracle clustering

Model 2a 93% 92% 94% 92%
Model 2b 92% 96% 93% 95%
Model 3 90% 90% 83% 91%
Model 4 88% 87% 80% 91%
Model 5 91% 93% 84% 92%
Model 6 90% 91% 67% 93%

Table 3.7: Coverage of different bootstrap 90% confidence intervals for the GATE with linear inter-
ference (simple linear interference and truncated linear-in-means) outcome models.

Model post-ReFeX-LASSO ReFeX-LASSO Naive Bootstrap Bootstrap with oracle clustering

Model 2a 0.245 0.220 0.235 0.228
Model 2b 0.435 0.384 0.390 0.382
Model 3 0.403 0.380 0.330 0.414
Model 4 0.569 0.534 0.437 0.593
Model 5 0.552 0.549 0.431 0.567
Model 6 1.316 1.316 0.751 1.412

Table 3.8: Average length of 90% confidence intervals for the GATE with linear interference (simple
linear interference and truncated linear-in-means) outcome models.

As we can see from the results, our block bootstrap gives us near nominal coverage for ReFeX-
LASSO and slightly worse but still close to nominal coverage for post-ReFeX-LLASSO. However, the
naive bootstrap fails to deliver confidence interval with nominal coverage. In fact, naive bootstrap-

based confidence intervals can give us very bad coverage in some cases. We are also able to get good
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confidence intervals if we use the oracle clustering that is associated with the network. In scenarios
where there are clear natural clusters in the network, these clusters can be a good default choice to
use for block bootstrap. Moreover, as is shown in Table both the block bootstrap confidence
interval for ReFeX-LASSO and the block bootstrap confidence interval for post-ReFeX-LASSO are
of reasonable length.

We conclude this section with a simulation to show why choosing the k for k-hop max clustering
adaptively in our block bootstrap procedure is important and how partitioning the graph into just
two clusters fails to give correct coverage. To this end, we consider using 2-hop max and 3-hop
max clustering to divide units into clusters as well as randomly divide units into five clusters, i.i.d.,
without considering the underlying graph structure. We choose to consider 2-hop max and 3-hop
max as we found in the simulations that in most of the cases ReFeX-LASSO will stop after selecting
features about 2-hop neighborhoods. For Cai network, on average 2-hop max clustering and 3-hop
clustering produce 267 and 269 clusters respectively. We choose to compare them with a five-cluster
clustering as five is a lot less than the number of clusters we may have using k-hop max clustering.
We rerun the block bootstrap procedure with these new clusters for Model 6 using ReFeX-LASSO.
Table[3.9|shows the coverage of the confidence intervals. As we can see, contrast to the 91% coverage
in Tablr provided by the adaptive k-hop max based block bootstrap, all these three clustering
methods fail to give us nominal coverage. In particular, completely ignoring the graph structure

(“five clusters”) leads to confidence intervals with really poor coverage.

Model  2-hop max 3-hop max Five clusters

Model 6 84% 89% 45%

Table 3.9: Coverage of block bootstrap 90% confidence intervals for the GATE using different graph
clustering algorithms with Model 6 as the true outcome model.

3.5 Real data example

In this section, we would like to apply our method to a real experiment where interference is known
to exist and simple estimators such as difference-in-means would give poor GATE estimates. We
consider data from the intervention in [Cai et al|[2015]. They designed a randomized experiment
to study the role of social networks on insurance adoption in rural China. Specifically, a random
subset of farmers were provided with intensive information sessions about the an insurance product.
Cai et al|[2015] found that the diffusion of insurance knowledge drove network effects in product
adoption. Hence, this data is ideal for our purpose in the sense that we know for sure that SUTVA is
violated and we should not trust the simple difference-in-means estimate for estimating the GATE.
Moreover, though we know that network effects do exist, defining an exact exposure model as in

Aronow and Samii| [2017] is difficult. Hence, analysis done in |Chin| [2019] is limited since there only
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four pre-specified features were considered and hence the regression adjustment estimator implicitly
assumed a certain exposure model. We revisit this experiment and estimate the GATE using our
method.

In the original field experiment in|Cai et al|[2015] the intensive information sessions were offered
in two separate rounds, leading to four separate treatment arms. For our purpose, following |Chin
[2019], we simplify the experiment by viewing the two intensive information sessions as the same
treatment arm. Hence, we reduce the original field experiment to a binary randomized experiment.
As in|Cai et al|[2015], the outcome variable is set to be the binary indicator variable for the weather
insurance adoption, and we do not include villagers whose treatment or response information was
missing as well as villagers whose network information was missing. We also combine all the villages
into one social network, denoting this single social network by G. In summary, we have 4,382 nodes
and 17,069 edges. This network is also the one that we used in Section [3.4.4

The first step for our method is generating model-free covariates. We use exactly the same
set of base features as in the previous simulation section—fraction of treated neighbors, number
of treated neighbors, fraction of edges in neighborhood that connects a treated unit and a control
unit and also fraction of edges in neighborhood that connects a treated unit and a treated unit.
We then use ReFeX-LASSO to generate a group of covariates, using mean and variance aggregation
functions (again, as in the previous simulation section) and estimate the GATE by adjusting for
these covariates with a linear model. We compare the standard error estimate from block bootstrap
with the one computed in |Chin| [2019].

Estimator Estimate Standard Error
DM 0.078 —_—
Héjek_1hop (¢ = 0.75) 0.163  —
Héjek 2hop (¢ = 0.75) 0.167 —
Tehin 0.122 0.056
Toum 0.178 0.027
Trefex-lasso 0.178 0.043

Table 3.10: Estimates and standard errors of different estimators for the global average treatment
effect on insurance adoption Cai et al.[[2015].

Table shows the resulting GATE estimates, where 7enin is the estimator in |Chin|[2019] that
adjusts for four covariates: the fraction of treated neighbors, the number of treated neighbors, the
fraction of treated neighbors in 2-hop neighborhoods, the number of treated neighbors in 2-hop
neighborhoods. Meanwhile, 7,y only adjusts for the number of treated neighbors and Trefex-1asso
is the ReFeX-LASSO based adjustment estimator. DM refers to the difference-in-means estimator.
Héjek_1hop assumes a fractional exposure model for 1-hop neighborhood while Hajek _2hop assumes
a fractional exposure model for 2-hop neighborhood, i.e., we use but consider 2-hop neighbors

instead. The intuition is that sometimes units that are not direct neighbors but neighbors of direct
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neighbors matter as well and by considering fractional exposure model for 2-hop neighborhood we
are able to take these units into account for the exposure model. We notice that 7pum and Trefex-lasso
give us the same estimate and indeed, the only covariate selected from ReFeX-LASSO is the number
of treated neighbors. Compared to Tehin, Trefex-lasso Nas smaller standard error and a larger estimate
of the effect. Finally, though Thum and Trefex-lasso give nearly the same estimates (same up to three
decimal digits), we see that the former as a smaller standard error. The reasons are twofold. First,
bootstrap in general is conservative. Second, ReFeX estimate should have larger variance as we have

a random selection procedure involved.

3.6 Discussion

In this chapter, we have developed a method to do estimation and inference for the global average
treatment effect (GATE) when network interference is present. We develop a procedure that can be
used to estimate the GATE without pre-specifying either exposure mappings or outcome models.
We also give a way to construct confidence intervals for the GATE using a block bootstrap. We
evaluate our method both through simulations and a real data example.

Many interesting avenues of further investigation have been left unexplored in this manuscript.
First, our results only consider designs that satisfy the uniformity assumption (e.g., Bernoulli design):
this is, of course, limiting, but it does present a useful benchmark. We are particularly interested in
exploring how to extend our work to designs that violate the uniformity assumption such as cluster
randomized design. This is challenging since the covariates we adjust for may be correlated with the
treatment assignment. Second, while our simulations show that the block bootstrap behaves well
in practice, formal results are absent for anything other than a simple toy setting. Third, beyond
linear adjustment we may also want to have a completely nonlinear model to estimate the outcomes

using the covariates returned from the ReFeX-LASSO feature generation and selection process.

3.7 Appendix

3.7.1 Proofs

The proofs of Proposition [[4]and Proposition [T5] will be exactly the same as the proofs of Proposition
1 and Proposition 2 in [Luo and Chen| [2014] once we realize that as long as the features that are
included in the penalty do not overlap with the features that have already been selected then we can
just use the proofs in |Luo and Chen|[2014], i.e., though our sequential selection procedure is different
from that in [Luo and Chen| [2014], we share the same properties that make these two propositions
hold.

Proof of Proposition[Ij We denote by X(s) the design matrix with features in s, ie., if [s| = m
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then X (s) is a n X m matrix. At the (t + 1) — th iteration, 8 will be a (|S«t| + it41)-dimensional

vector and we denote by SB(s) the |s|-dimensional vector with only coordinates of § that are in s.

Finally, we denote by Ay 1 the set {ui'H, ut2+1, e ,uf:fl .

First we note that since u§+1 € R(s4t), v € RI*=tl such that u;H = X (84t)v. We now consider

the objective function l;y; at the (¢ + 1)-th iteration.

liv1 = Iy = X (540) (B(546) + BHTHY) = X (Ae1 /{31 B(Arsr /{513
+AUBHIDI+ [1B(Ae1/{i D)
= ly = X (5:0)B(50¢) = X (A1 /{3 1) B( A1 /{3
+A(BEIDI+ [1B(Aes1/{5})11)
> |y = X (s:0)B(s0t) = X (Aer1 /{31 B(Aer1 /{513
+ AlB(A+1 /{7l

Hence, when [ is minimized, B({j}) must be 0 and j & s.(¢41)- O

Proof of Proposition[15 Again we consider the objective function at the (¢ + 1)-th iteration.

lipr = [y — X (540) B(55t) — X (Aes1)B(Aeg1) 15 + AlIB(Aeg1) 1

Differentiating l;1 with respect to 5(s.:), we have

O _ —2XT (5u0)y + 2X 7 (5:0) X (800) B(50t) + 2X 7 (5:0) X (Ar11) B(Argr)-
66(8%)

Setting the above derivative to zero,

Bsst) = [XT (500) X (5:0)] 7 X" (500) [y — X (Ar11)B(Ar11)]- (3.10)

Substituting (3.10) into the objective function, we obtain

liv1 = Iy = X (su)B(526) = X (A1) (A1) 15 + A B(Ae1) b
= [ly = X (s) [XT (5:26) X (5:0)] 7' X (500) [y — X (Ar11)B(Ar11)] = X (Ars1) B(Ar) 13
+ AB(Ae1)[lx
= (T = X (5:6) [XT (526) X (5:)] ' X (500) )y
— (1 = X (5:6) [X T (520) X (5:0)] T X7 (500)) X (Ap1) B(Ae1) |13
+ AlB(Aes1)1-

Hence minimizing ;41 does not affect 3(s,¢) and B(s.¢) will be almost surely nonzero. O
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Now we show the proof Theorem [26] We will make use of standard results about LASSO /5-error
bounds. Recall the following result |Wainwright| [2019):

Lemma 6. Suppose y = X0* +w (X € R"*?) and consider the Lagrangian Lasso with a strictly
positive reqularization parameter A, > 2|| sz lloo- Suppose further that 6* is supported on a subset

S of cardinality s, and the design matriz satisfies the (k;3)-RE condition over S, then

. 3
RN
We can show that if the design matrix is C—column normalized, i.e.,

X
e 1l _
=1,---,d \/ﬁ

then the choice A, = 2Co( 2 logd +9) is valid with probability at least 1 —2e~ T We thus proceed

with the main proof.

Proof. Notice that || XTT“’ |loo corresponds to the absolute maximum of d zero-mean Gaussian random
variables by definition of infinity norm and each with variance at most % Hence, from the

Gaussian tail bound, we then have

T )
]P’(‘X wH 200(\/210gd+5>> SQefg.
n | n

With this particular choice of )\, the lemma implies the upper bound

16— 672 < 6(’;"\/ (,/ 21ng + 5) (3.11)

with the same high probability Wainwright| [2019].

Now we are ready to prove consistency. First notice that

[t =7l = | 3 [(B - 807l — (Bo — ) u]
i=1
< 23| BTutt — Bo - )T u]
i=1
1« R
< = 3 (B = Bl lluf 2 + 18 — G5 lallul2)

=1

< CVM(||By - Bill2 + 11Bo — B ll2)
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Let ng be the number of control units and n; be the number of treated units. Then by strong law
of large numbers, 22 =24 1 —p and 2 =24 p. Since the design matrices U° and U' satisfy the RE
condition, both [|3; — 7|2 and ||Bo — B¢ ||2 converge to 0 in probability by the bound (3.11)). Thus

~ P
T —T.

Proof of Proposition[16. We show that for the setup in Proposition the design matrices satisfy
RE condition with probability going to 1. In our proof, the first column of the design matrix
represents the fraction of treated neighbors while the second column represents the number of treated
neighbors. We introduce one extra notations: for each unit 7, we denote by m; the size of the cluster
unit i belongs to. We show the proof for the design matrix for control units, U°. Similar proof can

be done for U'. After centering, the design matrix we use for estimating 3y will be

7o — % D iw,—o(ui — u')? n% D iw,—o(u; — a')(ui — u?)
L Saweul —a @ —a?) Ly o (uF - )’
no 2. W;=0\"1 i no i W;=0\""1
Here 4! = 7710 > iw,—o Ui and @* = % > iw,—o Ui Since the true fy is non-zero only for the first

feature, C3(S) = {A € R? : |Ag]| < 3|A4]}. For such A,

1 -~ 1 B 1 _ _ 1 _
n*OHUOAH%:A%TT S0 o(uf—uh)? 20080 — Y (uf —a')(uf - w?) + AF— > (uf - @)’

n n
W, =0 0 s:w,=0 0 s.w;=0

Note that since |As] < 3|A1, AjAg > —|A1||Az| > —1A3. Therefore,

1, -~ 1
200812 > & ul —@')2A2
SIOMER S -
1 . (3.12)
2 —2\2 1 =1 2 —2 2
+<MZ(U'LU) 3710‘2(%“)(“1“))A2~
1:W;=0 1:W; =0

To ease notations, we let (1) = %Zi:m:O(u% —ah?, @ = niozi:wizo(uf —a%)? and 3) =
nio > iw,—o(uf —a')(uf —u*)A3. Now, we analyze each term separately.

i i

D= Y @ -u)?

:W;=0
_ 12 (=1\2
- no (uz) (U )
i:W;=0
n 1 w—
_ni 1— W) (ul)? — (ah)?
o (1= W) - (&)
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Consider the random variables {(1 — W;)(u})?}7"_, and {(1 — W;)ul}" ;. Since we have disjoint
clusters and the number of units in each cluster is bounded by M, the sum of covariance term is at

most O(n) and hence weak law of large numbers applies for both sequences. Therefore,

n

%Z(l — Wi)(ui)? — [p(l *p)Q% > mll_ At p)] 0.

i=1

Similarly,

|
=
—
|
=
S|
[]=
3
|
=
JF
3
[ )
S|
=
3
|
—_
e
|
3
()
VR
S|
3
3
|
=
~—
| I
1=
o

For (3),

1
@=— (uj — ub)(uf —u?)
"0, wizo
1
= — uzluf —ata?
"0, wizo

Notice that we have already shown that
1 P _
U —p, U

n

—1(m; — 1). Moreover,

19 P
Hence, a'a? — p2% >
1 12 _ 1l 1,2
e Z u; Uy = - Z(l — Wi)u, us.
:W;=0 =
Again by the weak law of large numbers,
n

%Z(l — Wiujui — |p(1—p)* +p*(1 - p)

i=1 i=1
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Hence, 3) — [p(1 — p) + p*2 37 (m; — 1)] L, 0. Put all these pieces together, we obtain

Notice that m; > 3 and m,; < M for each i, we conclude that for k = min{ p](\}:?), %p - %p2},

1 =~
—[U°AI5 = slIA3 wp. —1.
no

3.7.2 Supplementary Materials

Definition 28 (The nonlinear model in simulations). Suppose the assignment vector is w, then for

each unit i, the response is

1 10
1+ 0.001 exp (—0.03v; +9) + 3+ exp (—8p; +3.2)

yi(w) = =5 + 2z;w; + 0.03v; + + €.

Here, z;,¢; iid N(0,1), p; is the fraction of treated neighbors for unit 4 and v; is the number of

treated neighbors for unit 1.



Chapter 4

Detecting Interference in Online
Controlled Experiments with

Increasing Allocation

4.1 Introduction

4.1.1 Motivations and contributions

A /B testing is a key component in product development, serving as an empirical method to compare
two versions of a product or feature. By randomly splitting the user base into two groups, this
method allows one group to experience version A (often the current version or “control”) and the
other to experience version B (the new or “treatment” version). The most straightforward statistical
analysis following A /B tests is to compute the difference-in-means estimator, i.e., the difference in
the average of outcomes of the treatment group and that of the control group. Under the classical
Stable Unit Treatment Value Assumption (SUTVA), which requires that the potential outcomes
for any unit do not vary with the treatments assigned to other units, one can easily show that the
difference-in-means estimator will be close to the causal effect as long as the sample size is large
[Imbens and Rubin} [2015]. This implies that when we compute the difference-in-means estimator
for any single randomized experiment in an A/B test with increasing allocation, the value of the
estimator should not change by much. However, in some real-world scenarios, we observe drastic
change in the difference-in-means estimators throughout the experiments. In Figure we show
an example from an A/B test implemented by LinkedIn. On the x-axis, we show the percentage of
units that are in the treatment group; on the y-axis, we show the value of the difference-in-means

estimator. In this example, we see that the difference-in-means estimator decreases as the treatment

86
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Figure 4.1: An A/B test implemented by LinkedIn with increasing allocation. A and B are different
outcome metrics.

is released to more units. We naturally wonder: What causes this phenomenon? Could it be purely
due to randomness? Is the SUTVA assumption violated in this case?

One plausible explanation for this phenomenon is the existence of interference, i.e., when treat-
ment assigned to one unit may affect observed outcomes for other units. One form of interference
is marketplace competition. Imagine a new treatment that can help units perform better in the
market. For any particular unit, the treatment brings benefit, but when more of the other units
are treated, the other units become more competitive and thus negatively impact the performance
of that particular unit. Therefore, in these cases, we often observe that the difference-in-means
estimator decreases with treatment probability. Indeed, the experiments in Figure were run in
a setting with marketplace competition. One other common form of interference is through social
networks. People’s behaviors tend to be positively correlated with those of others connected to
them in the network. Think about a treatment that encourages users to comment on a social media
platform: users tend to comment more when they see comments from friends. In these cases, we
usually observe that the difference-in-means estimator increases with treatment probability.

In practice, however, the structure of interference can be more complicated than the two apparent
forms discussed in the above paragraph. Often, experimenters manually examine the difference-in-
means plot and decide whether to send the job to other experimentation platforms that deal with
interference more carefully. We need a way to formally test whether interference exists.

In this chapter, we introduce statistical testing procedures that test for interference in A/B

testing with increasing allocation. The methods we propose are scalable and parallelable. They are
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also agnostic to interference mechanism: even if we have no knowledge of the interference structure,
the testing procedure is still valid. Knowledge of the interference structure can, however, be helpful
in increasing the power of the testing procedure. We introduce two different testing strategies under
different assumptions in Sections and In Section [£.3.1] we introduce a general statistical
test for interference, a test that requires no additional assumptions. The proposed method is inspired
by the testing procedure proposed by [Athey et al.[2018], but it is more powerful than that of

2018] by making use of multiple experiments. In Section|4.3.2] we introduce a testing procedure
that is valid under a time fixed effect assumption. The testing procedure is of very low computational

complexity, and it is more powerful than the test proposed in Section[{:3.1} In particular, one special
case of this method formalizes a heuristic algorithm discussed above, which decides that interference

exists when the difference-in-means estimators are very different.

4.1.2 Related work

The classical literature on causal inference often assumes that there is no cross-unit interference.

When interference presents, many classical inference methods break down. Interest in causal infer-

ence with interference started in the social and medical sciences [Sobel, 2006b, Hudgens and Halloran,

. Since then, one line of work focuses on estimation and inference of treatment effects under
network interference [Tchetgen and VanderWeele] 2012, [Toulis and Kao, [2013| [Aronow and Samiil
[2017], [Sussman and Airoldil 2017] [Basse and Feller], [2018], [Bhattacharya et al. 2020] [Leung], [2020]
\Sévje et al., 2021} |Savje, [2021} Hu et all 2022, |Li and Wager, [2022]. In order to facilitate estimation,

these works either assume that there are special randomization designs or that the interference has

some restricted form defined by a given network. Applications to A/B testing are also considered in
\Ugander et al.| [2013], [Eckles et al.| [2017], and |Basse and Airoldi [2018]. One assumption implicitly

made in these works is that the experiment is conducted only once. In the multiple experiments

regime, [2020] studies the design of two-wave experiments under interference. [2022]

and |Cortez et al.| [2022] consider estimating the total treatment effects under interference with data

from more than two time steps. Bojinov et al.| [2021b] and Han et al.| [2021] further investigate the

problem in panel experiments. Our work differs from the above works for at least two reasons: (1)
instead of focusing on estimation, we focus on testing whether interference exists and (2) we do not

need to make additional assumptions in order for the testing procedure to be valid.

In the literature of testing for interference, Bowers et al.|[2013| consider model-based approaches,

[Pouget-Abadie et al.|[2019¢| introduce an experimental design strategy, and|Aronow| [2012] and |Athey]
[2018] propose conditional randomization tests restricted to a subset of what they call focal
units, and a subset of assignments that make the null hypothesis sharp for focal units.

[2019] and [Puelz et al.|[2022] further extend this method by using a conditioning mechanism to allow

the selection of focal units to depend on the observed treatment assignment. However, none of these

works addresses the problem of multiple experiments, and their methods tend to have lower power
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when directly applied in our setup. To the best of our knowledge, our work is the first to consider
testing interference with a sequence of randomized experiments.

Our work is also related to research on interference in online marketplace experiments (See [Basse
et al.| 2016, |[Fradkin, 2019, Holtz et al., [2020} Bajari et al., [2021}, Wager and Xu, [2021}, |Johari et al.,
2022, |Li et al.,|2022] among others). This line of work usually requires careful modeling of the market
and the interference mechanism. The testing procedure introduced in this chapter, in contrast, can

be applied to arbitrary forms of interference.

4.2 Problem Setup

We work in a setting where we run a sequence of A/B tests with increasing allocations. Formally,
suppose that there are K experiments on a population of n units. Let m; be the marginal treatment
probability of the k" experiment. The treatment probabilities satisfy 71 < w9 < --- < 7. For each
experiment k € {1,..., K} and each unit i € {1,...,n}, let

Wi i, := treatment of unit ¢ assigned in the k'™ experiment,

Y; i := outcome of unit ¢ in the kth experiment.

Here we assume that W; , € {0,1} is a binary treatment variable and that a value of 1 corresponds
to the treatment group while a value of 0 corresponds to the control group.
The experiments are implemented in the following way. In the first experiment, each unit ¢ is

randomly assigned a treatment W; ;, where
W; 1 ~ Bernoulli(7;) independently. (4.1)

In the subsequent experiments, more units are assigned to the treatment group. Specifically, condi-
tioning on the previous treatments, each Wy is sampled from the following distribution indepen-
dently:

W, ~ Bernoulli ((m, — mp—1)/(1 — mp—1)), i Wi 1 =0;

Wir=1, if W;r_1 =1

(4.2)

This formulation guarantees that if we look at the k' experiment alone, then the treatments Wi's
are i.i.d. Bernoulli(7y).

Let Wi, 1:x be the n x K treatment matrix and Yi., 1.5 be the n x K outcome matrix of all
units and all experiments. Let X; € R? be the observed covariates of unit 7 that do not change over
the course of the experiments. Correspondingly, let Xi., € R"*¢ be the matrix of covariates of all
units.

Following the Neyman-Rubin causal model, we assume that potential outcomes Y; j (w1:n,1.x) € R
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XK and that the observed outcomes satisfy Y; r, = Y;};.C(Wl;n,l;K) The

goal is to test the following hypothesis:

exist for all wy., 1.x € {0,1}

Hypothesis 1 (No cross-unit interference). Y; p(w1in,1:x) = Yip(W1in,1:x) if w16 = Wi 1.k

The hypothesis states that the outcomes of unit 7 depend only on the treatments of unit ¢ and

not on the treatments of others. We call this hypothesis the no cross-unit interference hypothesis.

4.3 Testing for interference

In this section, we introduce methods that test for the existence of cross-unit interference. For
brevity’s sake, we focus on testing with two experiments. We then discuss further extensions to
multiple experiments in Section

Naturally, the first question that occurs is how interference might arise. To formalize this, we
introduce a notion of candidate exposure that captures the potential form of interference. Using
domain knowledge, experimenters can specify the candidate exposure, which can vary from appli-
cation to application. When we consider user-level data, we have a natural social network. Here
experimenters may suspect that a user’s outcome is influenced by treatments of “friends”, i.e., users
connected through the social network. And thus in this example, some plausible choices of candidate
exposures include the fraction of friends who are treated, and the number of friends who are treated.
When we consider marketplace competition, advertisers are the subjects of treatment. Here the
sales of an advertiser may be impacted by the treatments of competitors, i.e., advertisers that sell
similar products. Hence in this application, experimenters can choose candidate exposures to be the
number of treated advertisers that sell products of the same category, or an average of treatments
given to other advertisers weighted by some product similarity metric.

Formally, for each experiment k and each unit ¢, we use H; , = h;(W_; ) € R™ to denote
the candidate exposure. Here W_; . is the treatments given to all other units except i in the k*}
experiment. We use the form h;(W_; ;) to emphasize that the candidate exposure depends on other
units’ treatments. We also write Hy.,, , = (H1 k, Ho oy - - - Hn,k)—r € R™*™ to reference the candidate
exposures of all units.

We want to emphasize that for all the tests introduced below, we do not require the candidate
exposure to be correctly specified in order for the tests to be valid. However, the form of the
candidate exposure matters for the power of the tests.

We will then move on to test the hypothesis that no interference exists making use of the candidate
exposure H; ;. In the following sections, we discuss different strategies to test for interference under

different assumptions.

1n the literature, a no anticipation effects assumption is often made in such potential outcome models. The as-
sumption states that the outcome Y; r depends only on the treatments assigned during and prior to the kR experiment.
With this assumption, the potential outcomes can be written as Y; p(w1:,1:%) which satisfies Y; i = Y; x(Wiin,1:1)-
Here for simplicity, we keep the original notation.



4.3. TESTING FOR INTERFERENCE 91

4.3.1 Testing under general assumptions

We start with a setting where we have access to a dataset from only one experiment. Suppose that
we collect data on units indexed by ¢ = 1, ..., n, where each unit is randomly assigned to a binary
treatment W; € {0,1},

W; ~ Bernoulli(r) independently (4.3)

for some 0 < 7 < 1. For each unit, we observe an outcome of interest Y; € R and some covariates
X; € RP. |Athey et al.| [2018] proposed a method to test for Hypothesis [1|in this settingﬂ We sketch
the procedure in Algorithm [7}

Algorithm 7 Testing for interference effect (one experiment).

Input: Dataset D = (Wi.n, X1in, Y1, Hi.n), exposure function h, test statistic T.

1. Randomly split the data into two folds. Let Z¢,. and Z,ux be the index set for the first fold
(focal units) and the second fold (auxiliary units). Write the first fold of data as
Dfoc = (Wf007 Xfoc; vaoc; Hfoc) and the second as Daux = (WauX7 XaUX7 YaUX7 Haux)~

2. Compute a test statistic 7)) = T (Wioc, Xtoc, Yeoes Hioc) that captures the importance of H in
predicting Y.

3. Forb=1,...B:

(®)

Regenerate treatments for the auxiliary units: Wz ~ Bernoulli(r) for i € Z,yx.

Recompute the candidate exposure for focal units: I;fi(b) = hi(Wioe\ {1 Wéﬁi)) for
1 € Troe.

Recompute the test statistic: T = T(Wioe, Xoc, Yioc, flf(fg)

End For

Output: The p-value

B
p= %H (1 +31 {T<0> < T<b>}> . (4.4)
b=1

Algorithm [7] requires as input a test statistic 7' that captures the importance of the candidate
exposure H in predicting outcome Y. As an illustration, assume for now that H; € R. One
plausible choice of the test statistic T' (when H; € R) is the following: we run a linear regression
of Yioe ~ Wioe + Xtoe + Hioe, extract the coefficient of Hy,., and take the test statistic T to be the
absolute value of the coefficient. We use this regression coefficient statistic as an example to explain
the intuition of the algorithm. Under the null hypothesis, the candidate exposure H has no power to

predict the outcome Y before or after regenerating treatments, and thus the distribution of the test

2The method proposed by [Athey et al.L[2018] is more general. Here we focus on a special case: testing the existence
of cross-unit interference in Bernoulli experiments.
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statistic T" will not change after regenerating treatments. Hence the p-value will be stochastically
larger than Unif[0,1]. Under the alternative hypothesis, the behavior of the p-value can be very
different. Consider a simple example where H; is the treatment assigned to the closest friend of
unit ¢ and Y; = a' X; + W, + 6H; + ¢; for some i.i.d. zero mean errors ¢;. In this example, the
original test statistic T'(Wtoc, Xfoc, Yioc, Hioc) = |0] when the sample size is large. However, after
regenerating treatments, for each focal unit 4, if the closest friend of i is among the auxiliary units,
then IA{TZ is marginally a Bern(m) random variable, independent of Y;; and hence the distribution
of T(WfOC,XfOC,Y—fOC7ﬁ-§§C)) will not concentrate around |f|. In this case, the p-value is far from
Unif[0, 1].

In practice, experimenters can use any test statistic 7' that are suitable for specific applications.
For example, if the covariate X is of high dimension, a lasso-type algorithm can be used. One can
also run more complicated machine learning algorithms, e.g., random forest and gradient boosting,
with Y as a response and X, W, H as predictors, and set the statistic T to be any feature importance
statistic of H. Just like the choice of candidate exposure h, the choice of test statistic T" will not
hurt the validity of the test, but will largely influence the power of the test.

Then a natural question to ask is whether we can make use of information from multiple experi-
ments to further increase the power of the test. Suppose that we collect data from two experiments
on the same n units indexed by ¢ = 1,...,n. In order to increase the power of the previous testing
procedure, a natural idea is to reduce the variance in the test statistic computed in Algorithm[7] To
do so, instead of focusing on Y 5 itself, we focus on Y; o — Y; ;. This difference is helpful in remov-
ing variance of Y;’s that is shared by Y;; and Y; 5 but cannot be explained by the treatment and
covariates. If a unit has some hidden individual characteristics, those characteristics could influence
both Y;; and Y; 5 in a similar fashion but may not be well captured by the observed covariates.
To make this intuition precise, we present Algorithm [8] which makes uses of information from two
experiments and tests for the existence of interference effect. We have also included an illustration
of the algorithm in Figure

Algorithm [8] has a few key differences from Algorithm [7] First, the choices of focal units are
different. In Algorithm [7] the choice of focal units cannot depend on the treatment assignments
W1.n, whereas in Algorithm the focal units are randomly chosen from those whose treatment
didn’t change. This specific choice guarantees that the treatment of the i*" unit will not influence
the difference of Y; 2 and Y; ; much. Second, as mentioned above, in computing the test statistics,
Y4 is used instead of Y itself. As explained above, this helps reduce variance. Third, instead of
regenerating treatment, Algorithm [§] permutes the treatment of the auxiliary units. This change is
necessary to guarantee the procedure’s validity; the choice of focal units depends on the treatment
vector, and thus naively regenerating treatments will not give a valid procedure anymore. This will
be demonstrated in Section [£.4
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Figure 4.2: An illustration of Algorithm [8] After selecting the set of focal units and auxiliary units,
we randomly permute rows of the treatment matrix and compute test statistics and p-values based
on the permuted data.
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Algorithm 8 Testing for interference effect (two experiments).

IHPUt: Datasets Dl = (len,laXlzn; Yl:n,la Hl:n,l)a DQ = (Wl:n,27X1:n7 Yl:n,27H1:n,2)7 exposure
function h, test statistic T'.

1. Let Z,c = {i : W; 1 = W, 2} be the set of units whose treatment didn’t change over the
experiments. Randomly sample a subset of Z,,. of size n/2 if |Z,.| > n/2. We call the subset
Ifoc~ Let Iaux == [n] \Ifoc-

2. Take the difference of Yioc 2 and Yioc,1: let Yfgif = Yioc,2 — Yioc,1- Compute a test statistic
7O = T (Wioe,1:2, Xtoc, Y}glcff, Hioc,1:2) that captures the importance of H in predicting y diff,

3. Forb=1,...B:
Randomly permute treatments for the auxiliary units of the data: ,V[Z(ﬁ)z = Wow (iy1:2
for ¢ € Z,ux, for some permutation a® of T, x.

Recompute the candidate exposure for the focal units: H 1(12 = hi Wioe\{i} ks AW/iszck
1 € Ttoe and k € {1,2}.

Recompute the test statistic: 7®) = T(Wioe,1:2, Xioc, Yfgicff, ﬁf(fc)”)

) for

End For

Output: The p-value

B
b %H (1 +31 {Tm) < T(b)}> ) (4.5)
b=1

4.3.2 Testing with a time fixed effect model

In the previous section, we allow the existence of “arbitrary time effect”. In particular, Hypothesis
allows the outcome Y;  to depend on the treatments in other experiments, and does not restrict the
relationship among outcomes in different experiments. This brings flexibility and generality, but it
could reduce the power of the testing procedures. In this section, we make additional assumptions

on the structure of time effect and propose a different testing procedure.
Assumption 29 (No temporal interference). Y; k(Wi 1:x) = Yi k(W1:0,1:5) i Wi g = W1en -

Assumption states that the outcomes in experiment k£ depends only on treatments assigned
in experiment k. In other words, the effect of treatment in one experiment will not carry over to
the other experiments. Under Assumption 29} we can simplify the notation of potential outcomes:
for any wy., € {0, 1}”, we write Y; (w1.,) as the potential outcome and assume that the observed
outcomes satisty Y = Yi x(Wi.n k). Note the difference from the previous notation. Previously,

XK
"™ Here we focus on

we wrote the potential outcomes Yi7k(w1;n,1;K) for any Win,1:K € {0, 1}
the potential outcomes Y; y(w1.,) for any wy., € {0,1}". Following this new notation, we make an

additional assumption.
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Assumption 30 (Time fixed effect). For any wi.,, € {0,1}", ¢ € {1,...,n} and k € {1,...,K},
Yik(wim) = oi(wim) + ug + € x(w1.). The random variables €; 1(wi.p), ..., € k(w1:n) are zero
mean, and are independently and identically distributed, independently of functions «y.,, variables

u1:K, treatments Wi.,, 1.k, covariates Xi., and other errors ¢;,; for j # i.

Assumption [30] assumes a time fixed effect model. The term wuy captures the time effect: some
special events may happen during the k' experiment, and Assumption assumes that the effect
of such events is shared by all units in the experiments. The term «;(w) captures the individual
effect, which could depend on the treatment of unit ¢ as well as treatments of other units. Finally,
the terms €, ;(w1.,)’s are errors that are i.i.d. across experiments.

We also note that the commonly used no temporal effect assumption is a special case (stronger
version) of Assumption The no temporal effect assumption assumes that Y; i (w1.,) = o (w1.n) +
€5 (W1:n), where the errors €; (w1.,)’s are zero mean and i.i.d. across experiments. This corresponds
to Assumption [30] with all time fixed effects ux = 0. Such an assumption is particularly plausible
when all the experiments are implemented within a short period of time, where the distribution of
Y; k(w1.p,) is not expected to change much.

Assumption [29| and Hypothesis [I| together state that the outcome Y; ; depend only on the treat-
ment of unit ¢ in experiment k. Therefore, under Assumption 29 and Hypothesis [I, we can further
simplify the notation of potential outcomes: for any w € {0,1}, we write Y; x(w) as the potential
outcome and assume that the observed outcomes satisfy Y; , = Kk(Wlk)ﬂ With this new notation,
Assumptions and Hypothesis [I] together become a new hypothesis:

Hypothesis 1°. For any w € {0,1}, : € {1,...,n}and k € {1,..., K},
Yie(w) = ai(w) + up + € 1(w), (4.6)

such that the vectors €., 1(w),...,€1.n,x(w) are i.i.d., and independent of functions o;.,, vector

U1k, treatments Wi, 1.k, covariates Xy., and other errors €;;(w) for I # k.

This corresponds to the two-way ANOVA [Yates| 1934} [Fujikoshil, [1993] and the two-way fixed
effect model [Bertrand et al.l [2004] |Angrist and Pischkel [2009] in statistics/economics literature.

In the previous section, we conduct some permutation tests that permute the data “vertically”,
i.e., permute different units. Here with the additional assumptions, we can conduct permutation
tests that permute the data “horizontally”, i.e., permute different time points or experiments.

To motivate the permutation test, consider two units 7 and j. Assume that i has been in the
treatment group the whole time while j has been in the control group the whole time. Under Hypoth-
esis we have for the first experiment, ¥; 1 —Y; 1 = (a;(1) + u1 + €;,1(1)) — (a;(0) + u1 +€;,1(0)) =

3Note again the difference with the previous notation. Here we focus on the potential outcomes Y; 1 (w) for

any w € {0,1}, while we consider wi.n,1:x € {0, 1}"XK for the most general case and wi., € {0,1}" assuming
Assumption



4.3. TESTING FOR INTERFERENCE 96

a;(1) —a;(0) 4+ €,1(1) —€;,1(0), and for the second experiment, Y; o — Yo = (ai(l) +us + 61"2(1)) -
(Ozj(O) +up + €j71(0)) = Oéi(l) — Oéj(O) + 61'72(1) — Gj,g(O). Thus,

Yii = Y1 = ai(l) = a;(0) + €51 (1) — ¢,1(0)

’ (4.7)
@i(1) — a;(0) + €,2(1) — €,2(0) = Y2 — V2.

4

To put it simply, under Hypothesis Y;1 — Yj 1 has the same distribution as Y; » — Y; 2. However,

the two distributions could be different when there is interference. Consider a simple model:
Yik =WirHir + €ir, (4.8)

where H; j is the fraction of neighbors of unit ¢ treated in experiment k, and ¢; ;’s are some i.i.d.
zero mean errors. Under this model, ¥; 1 —Y;1 = H;1+ €1 —€j1and Y0 — Y0 = H; 2+ €,0—€j 9.
When the number of neighbors of unit ¢ is large, by law of large numbers, we have H;; ~ m and
H; o = m. We can then observe that Y;; — Y;1 and Y; 2 — Yj2 have different distributions; in
particular, they have different means.

Given the above observation, we can conduct a permutation test permuting pairs of (i, j) across
experiments. We outline the algorithm in Algorithm [9] and provide an illustration in Figure [£.3]

In Algorithm [9] we compare the value of a test statistic to the value of the statistic after permu-

tation. One simple choice of test statistic is the difference-in-differences statistic:

T(Yi8.y, X1, Hz,, 1.2, X1,, H, 1:2) = |mean(Y£5) — mean(Y;1)|,

(4.10)

where Z; and Z,, are defined in the first step of Algorithm@ We use the simple model (4.8]) discussed
above to explain why this choice of statistic is reasonable. Under model (4.8]), the difference-in-

differences statistic (without absolute value) will be
mean(Yﬂig) - mean(Yﬂiﬁ) ~ mean(Hz, o) —mean(Hz, 1) ~ mo — m1. (4.11)

However, after permutation, the difference-in-differences statistic (without absolute value) will be
mean zero. Therefore, T(©) and T®) will have different distributions and thus the p-value will be
far from the Unif[0, 1] distribution.

One advantage of this difference-in-differences test statistic is its simplicity. To compute this
statistic, there is no need of constructing a candidate exposure or any interference graph, and
thus the computation cost of the test statistic is very low. This test statistic is also very intuitive to
understand. Recall the motivating example in Section[f.1.1} when the difference-in-means estimators
are different, the difference-in-differences test statistic is large. With this test statistic, our algorithm
formalizes the intuition of the motivating example in Section [£.1.1]

The difference-in-differences statistic is not the only one we can choose. Indeed, just as for
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Algorithm 9 Testing for interference effect (two experiments, time fixed effect model).

IHPUt: Datasets Dl = (len,laXlzn; Yl:n,la Hl:n,l)a DQ = (Wl:n,27X1:n7 Yl:n,27H1:n,2)7 matChing
algorithm m, test statistic T'.

1. LetIo—{z ll—ng—O}andIl—{z zl—Wi72:1}-

2. For each 7 in Z;, match an index j € Zy to ¢ (with no repeat): let m(i) be the matched index
of i. Let Z,,, = {m(i) : i € Z1} be the set of matched indices. Here we assume that |Z;| < |Zo|.
If |Z1| > |Zo|, we start with Z; instead.

3. For each k € {1,2}, compute Yﬂiﬁ; = (sz — Ym(i)vk)iell’ which is the vector of differences
between the outcomes of the treated units and those of the matched units.
Compute a test statistic 7 = T(Yﬂlﬁ:Q’ Xz,,,Hz, 1.2, X1,, H1, 1:2)-

4. Forb=1,...B:

For each i € 7;:
Randomly permute outcomes across experiments: }71(2) =Y o, (k) and

}77;}'()1.) k= Yim(i),ou 5 (k) fOr some permutation o5 of {1,2}.
End For

Recompute ffzdli’f,fc’(b) = (}7%(2) —y®

m(i)7k)i611 :
Recompute the test statistic: 7(*) = T(Ygigg), Xz, Hz,, 1.2, X1, Hz, 1:2).

End For

Output: The p-value

p= ( i { °)<Tb)}> (4.9)

Algorithms [7] and [8] we have full flexibility in choosing the test statistic. For example, we can add
covariate adjustment into the test statistics: instead of taking the difference of mean(Yflig) and
mean(YIdliﬁ), we can take the difference of the fitted intercepts after regressing Y, (and Y;iff) on
Xz, and Xz,. We can also bring the candidate exposure H into the picture. For example, we can
similarly define Hgfk = (Hi,k — Hm(i)7k)i€L for k € {1,2} and consider the test statistic (when
H; i €eR):

|Corr [V — v HAT, — i ]| (4.12)

Finally, we want to comment on the matching algorithm m used in Algorithm [0] We would first
like to stress that as long as the matching algorithm only looks at the covariates X, the test will
be valid regardless of the quality of matching. In the most extreme case, we can simply conduct a
random matching, and the test will remain valid. More ideally, we would hope each 7 is matched to

an m(i) such that X; is close to X,,(;). This matching step helps reduce variance due to the covariates
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Figure 4.3: An illustration of Algorithm@ Algorithm@l permutes the outcomes across experiments,
whereas Algorithm |§| permutes the treatments across units.

and thus increase the power of the test. In the causal inference literature, matching algorithms have

been widely studied |[Rubin| [1973] [Stuart} |2010], and we recommend that experimenters choose from

existing algorithms based on their needs and the computational resources available.

4.3.3 Usage of graphs of experimental units

In implementing the proposed algorithms, we often find it helpful to construct a graph of the n
experimental units. Formally, let G = (V, E), with vertex set V' = {1,2,...,n} and edge set
k= {Eij}zjzl. We now discuss a few different ways of using graphs to test and learn interference
structure.

Interference graph. A graph can be constructed to model interference and to help compute
candidate exposure. We call such a graph an interference graph. When experimental units are
users, it is plausible to assume that a user’s behavior is mostly influenced by friends in a social
network. In this case, we can simply take the interference graph to be the social network, i.e., we
set F;; = 1 if user ¢ and j are friends on the social network. With this graph, many candidate

exposures can be computed easily: number of treated friends Hf“,;mFrdS =3 =1 W; i, fraction
; ‘Eij=
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of friends that are treated Hff,?CFrds = > jim;=1 Wik/ [{j : Eij = 1}[, number of treated two-hop
friends HP™*™® = 37, o0 ¢ g g1 Wik The interference graph can be constructed differently
in other settings. When experimental units are advertisers, there is no natural social network.
However, we can construct a “competition network” based on the similarity of the covariates. For a
similarity measure s and a threshold €, we can define F;; = 1 {s(X;, X;) > €}. Such a graph reflects
that an advertiser is mostly influenced by its competitors, especially those that are similar to it.

Candidate exposures can then be computed based on this interference graph: number of treated

competitors H' zmcm =2 Fi;=1 Wik, weighted average of competitors’ treatments: H;’V,? velpt _

Zj:Ei]:1 s(Xi, Xi)Wj k-

The interference graph also helps experimenters to understand the nature of interference. Imagine
we have two different interference graphs GG; and G5 and we apply the testing procedure separately
using G; and G,. If we observe a much smaller p-value for the procedure using GG; than that we
obtain using Ga, then we have some evidence suggesting that the interference in the form of Gy
is much stronger than in that of G5. In particular, the units that are connected to unit 7 in Gy
might be the most influential in impacting the outcome of unit ¢. This kind of analysis, though not
fully rigorous, can help experimenters to build better intuitions for modelling in subsequent analysis.
For example, once the interference effect is statistically significant, experimenters may consider re-
running experiments with a cluster randomized controlled trial. Understanding the structure of

interference can be helpful in constructing better clusters.

Graph in matching. A graph can also be helpful in the matching step in Algorithm [9] In the
causal inference literature, matched pairs are often constructed using a minimum cost flow algorithm
on a bipartite graph with treated units on one side and control units on the other side [Rosenbauml,
1989, Hansen and Klopfer} [2006]. Here, the cost of flow from unit ¢ to j can be defined as some
dissimilarity metric between X; and X;. For example, the Mahalanobis distance is a common choice
of such a dissimilarity metric [Rubin) [1980]. The bipartite graph may not always be a complete
bipartite graph: sometimes a caliper can be applied to the graph resulting in the removal of edges.
A caliper based on covariates limits with which a unit can be paired [Mahmood} [2018§] E| For example,
researchers may only want advertisers to be matched/paired with advertisers who sell products of
the same category; in such cases, there is an edge between ¢ and j only if they sell products of the
same category.

Interestingly, calipered graphs may correspond to the interference graph introduced in the above
section, and thus we only need to construct the graph once and use it in both the step of computing
candidate exposure and the step of matching. This is especially relevant in a market competition

application: a company is expected to be mostly influenced by companies selling similar products,

4In the observational study literature, calipers are often applied on the propensity score |Cochran and Rubin} [1973|
Rosenbaum and Rubin) [1985|. Here we are in an experimental setting instead, where the propensity score is known
and it is the same for all units.
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and thus we put edges in the interference graph; in the mean time, we would like to match companies

selling similar products, and thus we put edges in the bipartite graph used in matching.

4.3.4 Aggregating p-values

One issue with the algorithms proposed is that randomly splitting the data (Algorithms and
or the random matching step (Algorithms |§| and can inject randomness into the p-value.
In order to derandomize the procedure, we can run the algorithms many times and aggregate the
p-values. Since the p-values can be arbitrarily dependent on each other, we cannot use Fisher’s
method to aggregate the p-values, which requires independence [Fisher] [1925]. Some possible ways
include, e.g., setting p = 2> p;/n (See [Vovk and Wang, |2020] for more details).

In the previous section, we discuss the usage of an interference graph in constructing candidate
exposure. In practice, experimenters may construct several interference graphs with different sparsity
or structure. We can make use of information from different graphs and construct an “aggregated
p-value”. We can run the algorithms separately for each graph, and compute an “aggregated test
statistic”. For example, we can choose 7288 = %" T(G,,), where G, is the m*™ interference graph

considered. Then we can compute an aggregated p-value in the following way:

B
. 1 .
paggre _ TH (1 + E 1 {Taggre < Taggre(b)}) ) (413)

m=1
4.3.5 Extension to three or more experiments

More generally, experiments may be conducted more than two times. Formally, suppose that we run
K experiments where treatments are randomly assigned according to and . To test for
interference, we can adopt a similar strategy as in Section We outline the general algorithm
in Algorithm [I0] We note that Algorithm [§] is a special case of Algorithm [I0] In practice, we
recommend computing the test statistic using the difference of outcomes between experiments (as
emphasized in Algorithm , since this helps remove common variance shared by outcomes in the

experiments. One example of such statistic is the following.

Z ‘COH‘ D/foc,k - )/foc,la Hfoc,l - Hfoc,l]
(k1) kL

. (4.14)

If we assume a time fixed effect model as in Section we can then extend Algorithm []
to settings with more experiments. We outline the algorithm in Algorithm Again, we note
that Algorithm [J] is a special case of Algorithm Algorithm allows permutation over more
experiments then Algorithm [9] does. In particular, if unit i is treated in experiments Ki, K; +
1,..., K, then the algorithm permutes outcome for unit ¢ and its matched unit over experiments

Ky,K,+1,...,K. Permuting over more experiments helps the test to leverage information from
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Algorithm 10 Testing for interference effect (multiple experiments).

Input: Datasets Dy = (Wi ks X1, Yiin ks Him k) for k =1,..., K, exposure function h, test
statistic T'.

1. Let Zye = {i : W1 = -+ = W, g} be the set of units whose treatment didn’t change over the
experiments. Randomly sample a subset of Z,,. of size n/2. We call the subset Z¢,.. Let

Loux = [’I’L] \Ifoc-

2. Compute a test statistic 7(©) = T (Wioc,1:k s Xtocs Yioe,1:k > Hioe,1:x ) that captures the
importance of H in predicting Y.

3. Forb=1,...B:
Randomly permute treatments for the auxiliary units of the data: VV(1 & = Wow (i) 1:K
for i € Touy, for some permutation o(® of Z,ux.

. A )
Recompute the candidate exposure for the focal units: Hz(k) = hi Wioc\{i} ks Wiulk
1 € Itoe and k € {1,2,...,K}.

Recompute the test statistic: 7(*) = T (Wioc,1:x s Xtoc, Yioe,1:K » ﬁf(fc)AlzK).

), for

End For

Output: The p-value

p= ( i { 0)<Tb)}> (4.15)
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more experiments and thus increases power of the test. We have included an illustration of this
algorithm in Figure [{:4]

Algorithm 11 Testing for interference effect (multiple experiments, time fixed effect model).

Input: Datasets Dy = (Wi ks X1y Yiin ks Him k) for k =1,..., K, matching algorithm m, test
statistic T'.

1. Let Zy = {i : W; 1 = --- = W, , = 0} be the set of units that are in the control group in all
experiments. Let 7y = {i: W; xk_1 = W, x = 1} be the set of units that are in the treatment
group in the last two experiments (this is to ensure that we can permute the treatment
assignments across time).

2. For each 7 in Z;, match an index j € Zy to ¢ (with no repeat): let m(i) be the matched index
of i. Let Z,,, = {m(i) : i € Z1} be the set of matched indices. Here we assume that |Zo| > n/2.

3. For each k € {1,..., K}, compute Yf‘llif}; = (Yi’k — Ym(i)ak)iezl’ which is the vector of
differences between the outcomes of the units in Zy and those of the matched units.

Compute a test statistic T = T(YA X7, Hr, 1.k, X7,, Hz, 1:5)-
4. Forb=1,...B:

For each i € Z;:
Let S; = {k : W, = 1} be the set of experiments in which unit ¢ is treated.

Randomly permute outcomes across S;: SN/;-EZ) =Y, , (k) and ?yib()i) e = Ym(i),o0(k)
for all k € S;, where o3 is a random permutation of .S;.
End For
ydiff, (b) _ 3r(0) 57 (b)
Recompute YI(I,k =Yy — Ym(i)’k)iefl .
Recompute the test statistic: 7(*) = T(Y;ﬁf%, Xz,,,Hz, 1.5, X7, H1, 1:K)-

End For

Output: The p-value

B
1
P= 51 (1 +) 1 {T<0> < T(">}> : (4.16)
b=1

4.4 Validity of the testing procedures

In this section, we establish validity of the above proposed algorithms. We make use of the following

theorem in |[Hemerik and Goeman, 2018allb, Theorem 2].

Theorem 31 (Random permutations). Let Ay, As,..., A, € A be n random variables. Let S,

denote the set of all permutations on [n]. Assume that
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Figure 4.4: An illustration of Algorithm Pairs of units are matched and the outcomes of paired
units are permuted together across experiments.
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1. G CS§, is a subgroup;
2. Foranyo € G, A= (41,...,A,) 4 (Ag1)s -+ Agm)) = Ag-
If 01,...,0p are drawn independently uniformly from G, then for any test statistic T, the p-value
1 B
P=5TT (1 + ; 1{T(A) < T(AU)}> (4.17)
satisfies
Plp<al <o (4.18)
for any a € (0,1).
We start with establishing the validity of Algorithms [7] [§ and [I0] under general assumptions.

Theorem 32 (General assumptions). Assume that the treatments are assigned according to rules

defined in (4.1) and (4.2). Under Hypothesis the p-values produced by Algorithmsm @ and are
valid in the following sense: for any « € (0,1),

Plp<al <a. (4.19)

Proof. Algorithm [7| has been shown to provide valid p-values in [Athey et all 2018]. Since Al-
gorithm [§] is a special case of Algorithm [I0] it suffices to prove that the p-values produced by
Algorithm [L0] are valid. We will be making use of Theorem [31] to show the result.

We start by noting that since Hfoc,1:x is a function of Wioe 1:x and Waux 1.k, the test statistic

T (Wroc,1:k > Xfocs Yioe,1:k» Hioc,1: k) can be rewritten as

T(Wfoc,lzKa Xfom ijoc,l:K, Hfoc,l:K)

5 (4.20)
= T(Wfoc,lsz Xfocv vaoc,l:Kv Waux,l:K)
for some function 7. Thus we can also rewrite
T(WfOC,].:K7 Xf()Ca Y}oc,l:Kz ﬁf(jz 1.[()
o ~ (4.21)

= T<Wfoc,1:K7 Xfoca vaoc,l:Ky Wéz;l;]{)

By construction, Wa(bl,l;K is a random permutation of the rows of Wyux 1.x. Thus we can take the

U

permutation group G to be the set of all permutation on Z,,x. By Theorem [31] it suffices to establish
that

Wo(aux),l:K I Wfoc,l:K7 Xfom }/fOCJ:KaIfOC

d
= aux,1: K | Wfoc,l:KaXfOC;}/fOC,I:KaszC7

(4.22)
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for any permutation o(aux) on Z,,x. The above is equivalent to

(Wo—(aux),lsz Wfoc,l:K7 XfOCa }/foc,lzKa 1 {Ifoc = Iﬁx})

d
= (Waux,lzKa Wfoc,l:Ka Xfoc; )/foc,lzKa 1 {Ifoc = Iﬁx}) y

(4.23)

for any fixed subset Zgy C [n] of size n/2. Let Zgyxe = [n] \ Ztoc. Then, under the null hypothesis

P Waux,1:K s Wroe,1: i Xfocs Yioc,1:5, L {Ztoc = Zfix })
= p (Waxe 1:x, Whix,1:5, Xeixs Yoix,1:55 1 {Ztoc = Zpix })
= p(Whixe 1:x)P(Whix,1: 5 » Xfix> Yoix, 1:K)
P [Ztoc = Zax | Waxe 1:x, Wax,1:x] 5

(4.24)

where the last line follows from the no cross-unit interference hypothesis and the fact that treatments
are sampled independently across units. Note also that permuting Zg«e will not change the selection
probability of the focal units, i.e., P [Zioe = Zgix | Wixe, Weix]) = P [Ztoc = Ztix | Wor(fixe), Wiix|, and
thus

P(Whxe 1:5)P(Wax,1: 1, Xix, Yax,1:K)
P [Zioc = Zaix | Whxe 1.5, Whix1:K]
= p(Wo(fixe),1:)P(Whix, 1: 1, Xiixe, Yeix, 1:K)
P [Zoe = Ztix | Wo(ixe),1:5 Whix,1: K]
=P (Woixe),1:50 Wix,1:55 Xeix, Yeix,1:165 L {Zoc = Zsix})
=P (Wi (auwe),1:5 Woe,1:1» Xfocs Yioe,1:55 1 {Ztoc = Zix}) »

(4.25)

and thus proving (4.23)). O

Theorem 33 (Time fixed effect model). Assume that the treatments are assigned according to rules

defined in (4.1) and (4.2). Under Assumptions @r and Hypothesis |1, the p-values produced by
Algorithms @ and are valid in the following sense: for any « € (0,1),

Plp<al <o (4.26)

Proof. Algorithm [J]is a special case of Algorithm [T} and thus we will only work with Algorithm [T]]
here. We will again make use of Theorem [31] to show the result.

By construction, the elements in 57;1 iﬁ’:g? are a random permutation of the elements in YIdliﬁ: K-
The allowed permutations in Algorithm [11] clearly form a group. Specifically, the allowed permu-
tations are defined by o = (0;);ez,, where each o; is a permutation of S; = {k: W, =1}, and
J(Yi?éff ) = yld;ff( k)" Following this notation, by Theorem it suffices to show that for any allowed
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permutation o,

i d i
o (VA ) | Wintiae, Xtins T = YAS o | Wi 1:i¢, X1ins I (4.27)

Under Assumptions [29| - [30| and Hypothesis |1} following , we can write Y p(w) = a;(w) +
ur + € k(w). Therefore, for any i € 7y and k € S, Yip = Yiu(1) = (1) + up + €,5(1). At
the same time, for the matched unit of i, we have W, ;) = 0, and thus Y, ;) x = Yim)k(0) =
(i) (0) + up + €1,3),£(0). The difference of the two satisfies

YA =Yk — Yingiyk
= Oti(l) + up + 62"]@(1) — (am(i)(O) + up + Em(i),k(o)) (4.28)
= (1) + €,1(1) = Am(i)(0) + €m(i),x (0).

Under Assumption [30]

—

@i (1) + €,1(1) = Qmiy(0) + €me) £ (0)) | Wiin1:x0, X1in0, T, 1
4 (ai(l) iy (1) = Qi) (0) + em(i),gi(k)(O)) (4.29)
| Win1:x, X1:ns L, 01:n
for any permutation o; of S;, because the errors €, and ¢, () are iid conditioning on

Wim,1:k, X1 and aq., (and same for €m (i), and em(i)m(k)). In addition, since all the errors

€;1’s are independent conditioning on Wi.p, 1.k, X1.n, and aq.,, we have that

—~

az(l) + ei,k(]-) — Qm(4) (0> + em(i),k(o))iezl | Wl:n,l:K7 Xl:n7Ima A1

d

= (041(1) + €0, (k) (1) = Qi) (0) + €m(iy, o (k) (O))iel (4.30)
I Wl:n,l:K7 Xl:naI’rru Q-

Rewriting the above, we get

diff
YIl,l:Kv Alin | Wik, X1, I

d ; (4.31)
= U(YIdllﬁ;K) ‘ Wl:n,l:K7 Xl:TL’ITH,7 A1:ny
which further implies (4.27) and hence gives the desired result. O

4.5 Simulations

In this section, we focus on a form of network interference. Specifically, we use a real-life social

network to describe social interactions among units. We generate outcomes with some magnitude of
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network interference and evaluate our methods based on these generated outcomes. Our simulations
can be viewed as semi-synthetic experiments—we use a real-life network but we generate outcomes
according to some model.

We consider the Swarthmore network in the Facebook 100 dataset |[Traud et al) [2012]. All
networks in this dataset are complete online friendship networks for one hundred colleges and uni-
versities collected from a single-day snapshot of Facebook in September 2005. Here we focus on the
Swarthmore college network in our simulation. To make the social network connected, we extract
the largest connected component of the Swarthmore network. To summarize, the network we use is
of size 1657 with 61049 edges. The diameter of the network is 6 and the average pairwise distance
is 2.32.

Throughout this section, we assume that we have access to the data of three randomized ex-
periments. We take treatment probabilities w1 = 10%, 72 = 25% and 73 = 50%. In the following
simulation studies, we consider level of significance @ = 0.05. Every dot on each plot is an average
over 500 replications. We take B = 200.

4.5.1 Under general assumptions

We compare the power of the tests given in Algorithms [7] [§] and [I0] We run Algorithm [T0] using all
three experiments, run Algorithm [§using the second and the third experiments, and run Algorithm 7]
using the third experiment, i.e., we always use experiments with the largest treatment probabilities.
We discuss the choice of test statistics in Appendix [£.8] In Figure we assume a linear model of
the outcome Y in Figure [I.5D] we assume a nonlinear model. The details of the generating model
can also be found in Appendix [4.8

In Figures[4.5a] and [£.5D] we plot the power of the testing algorithms|[7} [§land [L0]at different levels
of interference effects (signal strengths). In the figures, the fraction of common variance controls the
correlation of the individual outcomes across experiments.

We observe from Figures and that utilizing more experiments helps our algorithms
become more powerful, especially when the fraction of common variance is high. As discussed
in Section our work is the first to consider testing interference with multiple randomized
experiments. Therefore, we can treat the algorithm utilizing one experiment as the baseline method
that represents the state-of-the-art. Our algorithms appear to have a clear advantage over the
baseline in terms of the power.

We also find that the regression statistic performs better than the correlation statistic, because

the regression step helps reduce variance caused by the observed covariates.

4.5.2 Time fixed effect model

We compare the power of the tests given in Algorithms [I0]and [II] We run both algorithms using all

three experiments. We use a regression test statistic in both algorithms. We discuss the choice of
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test statistics and matching algorithms in Appendix[£.8] In Figure we assume a linear model of
the outcome Y, whereas in Figure [1.6D] we assume a nonlinear model. The details of the generating
model can also be found in Appendix

In Figures and we plot the power of the testing algorithms [T0] and [T1] at different
levels of interference effects (signal strengths). Algorithm [11] (testing with a time fixed effect model)
appears more powerful than Algorithm [L0| (testing under general assumptions). To understand this
phenomenon, we recall that Algorithm [10] permutes data across experiments, whereas Algorithm
permutes data across units. Due to the nature of A/B tests, there is more variability in treatment
allocation across experiments than across units. For example, assume that all units have around
Nngh Neighbors in the social network. Looking at the fraction of neighbors in the treatment group,
we find that the variation of this quantity across units is of scale 1/ /Tingb, whereas the variation of
this quantity across experiments is of constant scale. By permuting over data points that are more
different, Algorithm [T1] gains extra power.

Recall that there is a matching step in Algorithm We find from Figure [£.6a] and [£.6D)]
that covariate-based matching outperforms random matching, especially under a nonlinear outcome
model. In a linear model, the regression step has already removed almost all of the variance caused
by observed covariates. In a nonlinear model, nevertheless, the regression step cannot fully remove

all variance and the matching step can help further reduce variance.

4.6 Applications

In this section, we illustrate how the proposed procedure has been successfully implemented at
LinkedIn as an add-on to their experimentation toolkit. Like other firms in the technology sector such
as Google and Meta, LinkedIn makes business decisions in a data-driven manner and has a culture
to “test everything”. To support the needs to run concurrent A/B tests at scale, LinkedIn built
an in-house experimentation platform, called T-REX (Targeting, Ramping, and Experimentation),
which provides end-to-end experimentation supports [Xu et al., 2015 Ivaniukl [2020]. Regardless of
the application, T-REX implements simple Bernoulli randomization and relies on t¢-test for readout
without taking into account potential interactions among experimental units.

This becomes a major limitation for experimentation in a marketplace environment, including
the ads marketplace, where units on either side of the marketplace (advertisers and ad viewers) can
interfere with each other |Basse et al.| [2016| [Pouget-Abadie et al.|[2019b| [Liu et al.}|2021} |Johari et al.l
2022]. For example, ad campaigns that share the targeting audiences interfere with each other by
competing in auctions for ad slots; different ad viewers with similar attributes are connected through
the finite budget of certain ad campaigns. To remove bias in experiments caused by interference,
LinkedIn has implemented the Budget-split platform on top of T-REX for experimentation in their
ads marketplace [Liu et al.| 2021].
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However, since Budget-split uses two halves of the marketplace to simulate the counterfactu-
als under different treatment variants, it does not support the classic factorial design. Under the
current implementation, the platform only runs one experiment at a time, which is much smaller
than the total number of experiments they need to run. This limitation in Budget-split capacity
severely delays innovation: teams need to wait for weeks for a Budget-split slot in order to get an
accurate measurement of their feature ramp before product launch. Nevertheless, not all ramps
suffer from unit interaction, even in the ads marketplace setting. Running Budget-split experiments
with negligible interference incurs a huge opportunity cost. Ideally, the Budget-split platform wants
to prioritize tests that are impacted the most by the interference effects.

At LinkedIn, all feature launches start with small percentage ramps for risk mitigation and
gradually increase the treatment percentage (i.e., 1%, 5%, 10%, 25%) before reaching the iteration
for treatment effect measurement (50%) [Xu et all |2018, Mao and Bojinov, 2021]. Specifically,
Budget-split amounts to a 50% ramp on the viewers’ side. This increasing allocation scheme provides
us information to detect potential interference. With the algorithms proposed in this chapter, we
implemented a screening step for each feature after the 25% iteration. The experiments are then
ranked by the p-value in the interference test to determine their priority on the Budget-split platform.

It is important to note that the screening module was designed as an add-on to the system without
touching LinkedIn’s existing experimentation solution such as T-REX. By default, the interference
detector only requires experimentation data in two previous iterations and runs Algorithm 9] Users
have the option to provide additional network information that characterizes the potential interfer-
ence mechanism among units and run other algorithms in this chapter. Because of this standalone
nature, a similar interference detector can be readily added to any existing experimentation plat-
forms to trigger alerts when interference might cause a problem.

As an illustration, we consider an online controlled experiment implemented by LinkedIn. The
treatment in this experiment corresponds to a new feature that improves the quality of LinkedIn
members’ attribute for ads targeting. We run a series of experiments with increasing allocation
with the members as the randomization units. Interference effect is expected in these experiments:
when the allocation percentage is small, only a small set of members have the updated attributes,
making them easier to be targeted by ad campaigns. Thus, when comparing metrics such as total
ad impressions, these members tend to have larger average results than members in the control
group. When the treatment allocation increases, more members get the improved attributes. Since
the total ad budget does not increase much, the average difference between treatment and control
units becomes smaller. Figure shows the average differences between treatment and control units
in the experiment series. Figure [£.7] shows the output from the interference detector after running
Algorithm [9 based on the 10% and 25% iterations with respect to two different metrics. The p-values

of the permutation test confirm the strong interference effects in these experiments.
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Figure 4.7: Example experiment: Test statistics and p-values from the permutation test. Results on
two metrics are shown.

4.7 Discussion

Missingness In this chapter, we make the assumption that the dataset is complete. A natural
future direction of work is to extend the current methods to scenarios with missing data. It is not
hard to show that if the data is missing completely at random (MCAR), then the proposed testing
procedures are still valid. When MCAR is unrealistic, it will be interesting to study whether our
methods can still be applied under certain conditions. In practice, experimenters need to carefully

examine the possible causes and consequences of missingness and make decisions correspondingly.

Selective inference We propose to use our testing procedure as a screening step for A/B testing:
if the test suggests that no interference exists, then the experimenter can proceed with classical
causal inference analysis. Strictly speaking, the data is used twice here—in the screening step and
in the follow-up analysis. It would be of interest to understand the impact of the screening step on
the follow-up analysis, and to develop valid statistical inference methods conditioning on the result

of the screening step.

Sequential Testing Another question left open by this chapter is whether the proposed methods
can be extended to the sequential testing setting. Our current procedure fixes the number of exper-
iments a priori and constructs a single p-value from the permutation test. In real life, the treatment
probability increases gradually and it would be of practical interest to end the experiment early as

soon as we detect any interference. In that scenario, we need to take into account the randomness
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in stopping time and construct always valid p-values [Johari et al.l |2017].

4.8 Appendix: simulation details

4.8.1 Under general assumptions

In Section we compare the power of the tests given in Algorithms and

Test statistics

Here, we discuss the test statistics used by the algorithms. Let H;j be the fraction of treated
neighbors of unit ¢ in experiment k. Let N; be the number of neighbors of unit ¢ in the social

network.

One experiment. For Algorithm [7] we use the following test statistic: run a linear regression of
Yioc ~ Wioc + Xfoc + Ntoc + Htocs (4.32)

extract the regression coefficient of H and take the absolute value of the coefficient.

Two experiments. For Algorithm|[8] we consider two different test statistics, a correlation statistic

and a regression statistic. For the correlation statistic, we take
foc,1:2y A focy fo;; s d1foc,1:2) = OorT fo;: s d1foc,2 — Ilfoc,1|| - .
(W, Xioe, VT [ ) = |Corr V3 H H, (4.33)
For the regression statistic, we run a regression of

Ydiff ~ Xfoc + Nfoc + Hfoc,l + (Hfoc72 - HfocJ)a (434)

foc

extract the regression coefficient of (Hioe,2 — Hfoc,1) and take the absolute value of the coefficient.

Three experiments. Let T} ; be the test statistic (regression or correlation) defined above when
only two experiments are utilized (the k-th and I[-th experiments are utilized). We then simply use
Tio+ T3+ T 3 as the test statistic for Algorithm @ with K = 3.

Outcome models

We consider two different outcome models. For the linear model, let H; . be the fraction of treated

neighbors of unit ¢ in experiment k. We assume

Yi,k = (signal Strength)Hi,k + 2Wi,k + X@l + Xiyg + €i ks (4.35)
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where k € {1,2,3} and X, ~ N(0.5,1), X; o ~ Poisson(3) independently. The errors ¢;’s are
such that (g;1,...,¢&; k) is distributed as multivariate Gaussian with E [¢; 5] = 0, Var [¢; 1] = 1 and
Cov (g k, €;1] = (fraction of common variance) for k # I.

For the non-linear model, let M; ; be the number of treated neighbors of unit ¢ in experiment k.

We assume

20 50
QWi + X1 + X0 + €4k,

M; 1 .
Y; r = (signal strength) < 4 5exp ( min (M; , 20))) + (136)
4.36

where k € {1,2,3} and X;; ~ N(0.5,1), X; o ~ Poisson(3) independently. The errors ;s are
such that (g;1,...,&; k) is distributed as multivariate Gaussian with E [g; 5] = 0, Var [; 1] = 1 and

Cov [g; k, €:,1] = (fraction of common variance) for k # I.

4.8.2 Time fixed effect model

In Section we compare the power of the tests given in Algorithms [[0] and

Test statistics

Here, we discuss the test statistics used by the algorithms. Let H;; be the fraction of treated
neighbors of unit ¢ in experiment k. Let N; be the number of neighbors of unit ¢ in the social

network.
Algorithm We use the regression statistic defined in Section

Algorithm For Algorithm we use an “anova” statistic. Let 7] = {i € Zy : W;; = 1}
and let 7!, = {m(i):i € Z,}. We start with concatenate Y3iff =~ — (Y&iﬁ,Yﬂig,Yﬂif}). Simi-

concat

laTIY7 let Nconcat = (Nconcat,laNconcat,m)7 where Nconcat,l = (NI{,DNIl,ZaNIlﬁ) and Nconcat,m =

(NI{J, Nz, 2, NIl,g). We do the same concatenation for X and H. The reason we take the subset
T! of T, in the first experiment is that we want Y3 = to be a pure contrast of treatment group
and control group. Without the subsetting step, Y4 contains both treatment-control differences
and control-control differences. Let Indy be the indicator of the second experiment and Indz be the

indicator of the third experiment. We then run two regressions:

Model 1: théiliat ~ Xconcat + Heoncat + Neoncat + Inds + Inds,
Model 2: Ydiff Xconcat + Nconcat-

~Y
concat

(4.37)

Finally, we let the test statistic be the F-statistic from the anova testing of contrasting Model 1
with Model 2.
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Matching algorithms

Random matching. We sample m(i) uniformly at random without replacement.
Covariate-based matching. We use optimal matching based on the Mahalanobis distance of
observed covariates and N; [Sekhon| [2011].

Outcome models

We consider two different outcome models. For the linear model, let H; . be the fraction of treated

neighbors of unit ¢ in experiment k. We assume
Y r = (signal strength)(2W; + 1)H; j, + 2W; p + X1 + X2 + €i ks (4.38)

where k € {1,2,3} and X,;; ~ N(0.5,1), X; 2 ~ Poisson(3) independently. The errors ¢; s are
such that (g;1,...,&; k) is distributed as multivariate Gaussian with E [¢; 5] = 0, Var [¢; 1] = 1 and
Cov [g; k, €:1] = (fraction of common variance) for k # I.

For the non-linear model, let M; ; be the number of treated neighbors of unit 7 in experiment k.

We assume

20
+ 2Wi,k + Xi,1Xi72 +1 {Xi71 > 0.5,Xi,2 > 35} + i k>

M; 1
Y; r = (signal strength)(2W; + 1) ( k4 5exp < min (M, x, 20)))
50 (4.39)

where k£ € {1,2,3} and X, ~ N(0.5,1), X; o ~ Poisson(3) independently. The errors ¢; s are
such that (g;1,...,¢; k) is distributed as multivariate Gaussian with E [e; ] = 0, Var [¢; ] = 1 and

Cov [e;k, €:,1] = (fraction of common variance) for k # I.
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